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PART ONE

SINGLE CHOICE






1

Introduction

In many real-world scenarios, individuals and organizations must make imme-
diate and irrevocable decisions before knowing which alternatives might be
possible in the future. These online decision problems often involve accepting
or rejecting opportunities as they arise, such as accepting a job offer or deciding
on a purchase offer for a car or an Airbnb apartment. A common characteris-
tic of these scenarios is that the rewards or outcomes are uncertain and only
revealed over time.

A fundamental question arises: how should we measure the performance
of a decision-maker under these conditions? This problem dates back to the
1970s and is rooted in the theory of stopping problems. A natural measure for
evaluating performance is the expected reward, calculated over all anticipated
randomness in the decision problem. This expected reward is then measured
relative to a benchmark. An optimistic yet common benchmark is the expected
best possible outcome in hindsight; that is, the highest expected reward that the
decision-maker could have achieved had they known all possible options and
rewards in advance.

At first glance, this benchmark may seem unattainably strong, akin to having
the foresight of a “prophet.” Quite remarkably, it is actually possible to approx-
imate this benchmark surprisingly well. Specifically, it is always possible to
achieve at least half of the expected value of the optimal solution in hindsight.
This foundational result has come to be known as the “prophet inequality.” The
prophet inequality forms the basis of much of the modern study of decision-
making under uncertainty, providing a framework for analyzing and improving
online algorithms.



4 Introduction
1.1 Formal Model

Fix an integer n > 1. Consider n non-negative independent random variables
Vi, ..., V,, distributed according to F1, ..., F},, respectively. The random vari-
ables are realized sequentially so that at time i, we observe the realization v; of
Vi~ Fi. WewriteV=(V,...,V,)and F = F; X...X F,,sothatV ~ F.

An online algorithm (“gambler”), knowing F from the outset, gets to observe
the realizations v; one-by-one. At each time i, it can decide to either accept v;,
in which case the game ends with reward (or value) v;, or continue to the next
step, in which case v; is lost forever. We denote by ALG(V) the value (random
variable) a given algorithm ALc obtains. The goal of the online algorithm is to
maximize the expected reward it achieves, namely E[ALc(V)]. We denote the
latter quantity as ALG(F). We write Opt®" (F) for the expected reward achieved
by the optimal online algorithm under input F'; that is, the online algorithm that
maximizes the expected reward.

It will be often convenient, when clear from context, to drop the dependency
on F and simply use the terms AL and Opt®" to denote the previously defined
quantities.

We measure the performance of an online algorithm against the “prophet”
benchmark, defined as follows.! A “prophet" can foresee all the realizations v;
in advance and can simply pick the maximum value. Therefore, her expected
reward is the expected maximum value. This prophet is equivalent to the optimal
offline algorithm, which can select the value after all values have arrived. In
other words, the optimal offline algorithm or “prophet” sees the entire sequence
of values vy, ..., v, at once and chooses max;c[,] v;. We denote the (random)
reward of the prophet on a given instance as Opt(V), so that its expected reward
is OpT(F) = E[OpT(V)] = E[max;c[, Vi].

More precisely, we seek to establish a prophet inequality, which states that
there exists an algorithm Arc and an @ € [0, 1] such that for all n and all F,

ALG(F) = a - Op1(F).

In other words, a prophet inequality asserts that an online algorithm (“gambler’)
can achieve an expected value of at least an a-fraction of the expected value of
the optimal offline algorithm (“prophet”).

We say that an online algorithm is a threshold algorithm if there exist real-
valued thresholds T = (7q,...,7,), such that the online algorithm accepts
value v; if v; > 7; and rejects value v; if v; < 7;. When v; = 7; the threshold
algorithm’s behavior is unrestricted and potentially randomized, specified by a
probability p; € [0, 1] of accepting v;. We sometimes refer to the probabilities

! This is also referred to as the “gambler" vs “prophet” ratio
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1.2 Optimal Policy 5

p; as atie-breaking rule, as they specify the algorithm’s behavior when value v;
ties the threshold 7;. A threshold algorithm for which p; € {0, 1} for alli € [n]
is a deterministic threshold algorithm. If p; = 1 for all i we say the threshold
algorithm is inclusive, and if p; = 0 for all i we say the threshold algorithm is
exclusive.

Finally, a threshold algorithm is a single threshold algorithm if there exists a
single threshold 7 > 0 and probability p € [0, 1] such that 7; = 7 and p; = p for
all7 € [n]. Similar to general threshold algorithms, a single threshold algorithm
is deterministic if p € {0, 1}, inclusive if p = 1, and exclusive if p = 0.

1.2 Optimal Policy

Our goal is to understand the expected value OpT°™(F1, ..., F,,) achieved by
the gambler’s optimal online policy. But what is the optimal policy, exactly?
Actually, it turns out that the optimal strategy of the gambler is straightforward
to describe using backward induction.

Theorem 1.1 The gambler’s optimal payoff Op1°"(Fy,. .., F,) is achieved
by a threshold policy. Moreover, the appropriate thresholds can be computed
by backward induction.

Proof Foreach 1 <i < n, write OPT‘;;.(F 1, .., Fy) for the expected value of
the optimal algorithm (not necessarily a threshold algorithm) that always de-

clines the firsti—1 rewards. Note then that Opt® (Fy, ..., F,) = OPT(; (F1,...,Fp).

We will compute OptS}(F1, ..., Fy,) for i € [n] by backwards induction.
Consider OpTS), (F1i, ..., F,). This is the maximum expected value attainable
by a gambler standing in the final round without having accepted any rewards
up to that point. As the gambler has only the final reward available to accept, it
will always be optimal to accept it. This can be viewed as setting an acceptance
threshold of 7, = 0. We therefore have that Op1%), (Fi, ..., F,) = E[V,].

Now fix any i < n and consider OptY}(F1, ..., F,). After declining the
first i — 1 prizes, the gambler observes the realization v; of V; and faces the
choice of whether or not to accept reward v;. If the gambler accepts, the
obtained reward is precisely v;. If the gambler rejects, the expected reward
obtained will be Op1Y}, | (F1, ..., Fy). It is, therefore, strictly optimal for the
gambler to accept if v; > OPT(;; ol (F1, ..., Fy), and strictly optimal to reject if
vi <Op1Y, (F1,. .., Fy). When the latter quantities are equal, the gambler is
indifferent between accepting or rejecting.

The optimal policy, therefore, sets a threshold of 7; = O}, | (Fi, . .., Fy),
and accepts the firstreward v; > 7;. The expected value from this policy starting
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6 Introduction
at round { is then,
OptY;(F1,. .., Fp) = Ey,op, [max{V;, 7;}]] = 7; + Ey,-p, [I[Vi — 7l4] .

Here, |x|; = max{x,0}, denotes the positive part of x. We emphasize that
T = OPT‘;; " (F1, ..., F,)isaconstant in this expression since it is independent
of V;.

We have thus determined OptY}(F1, ..., F,) for all i, and moreover each
value OpTY}(Fy,. .., Fy,) is obtained by a policy that rejects the first i — 1
rewards and then employs thresholds 7;, Ti41,..., 7, for the remaining re-
wards. Since OpTQY(F1,...,Fy) is precisely the gambler’s optimal payoff
Op1°N(FY, . .., F,), we conclude that the threshold algorithm with thresholds
defined by:

7, = E [V,]

Ti—lzTi+EV,-~F,-[|Vi_Ti|+]s i=n,...,2,
is optimal. o

Theorem 1.1 gives a full description of the gambler’s optimal policy for a
fixed sequence of reward distributions. But there is still much to do! In particular,
while we know how to achieve value Opt®(F) (and how to calculate it), our
primary goal is to understand the comparison between ALG(F), obtained by
different, hopefully simple algorithms, and the offline benchmark Opt(F). In
particular we are interested in studying not only how Opt°" (F) performs when
compared to Opt(F'), but also how single threshold algorithms perform. This
is the core contribution of the prophet inequality, which we describe next.

1.3 The Classic Prophet Inequality

In this section, we state the basic prophet inequality. This result states that,
when faced with a sequence of independent random variables Vi, ..., V,, the
gambler can obtain, as reward, half of what the prophet can get. Interestingly,
this is best possible as shown by the following example.

Example 1.1 Consider V| = 1 a deterministic random variable and let V, be
a long shot, namely a random variable taking the value 1/& with probability &
and value 0 with probability 1 — &. In this example, upon seeing V;, the gambler
is indifferent between stopping at V; and getting a reward of 1, or continuing
to V, to get an expected reward of € - 1/& = 1. Therefore, in this instance,
Opt®¥(F) = 1. On the other hand, the prophet can see whether V, takes the
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1.3 The Classic Prophet Inequality 7

value 1/& in advance and therefore gets Opt(F, F>) = &-1/e+(1-¢)-1 =2-¢.
Thus, as £ — 0, we have that Opr® (F)/Op1(F) — 1/2.

Theorem 1.2 (The Prophet Inequality) Fix an integer n > 1. Consider a
sequence of n non-negative independent random variables V = (Vi,...,V,),
such that V; ~ F;, so that V is distributed according to F = Fy X ... X F,. Then,

Oorr°(F) > % - Opr(F).

Furthermore, the previous inequality can be achieved by a single threshold
algorithm.

The classic prophet inequality (Theorem 1.2) answers both of our main
questions above. First, it shows that, even in worst-case instances, the gambler
can do almost as well as the prophet. Second, it shows that it can do so using a
particularly simple algorithm that precomputes a single threshold and accepts
the first reward that exceeds this threshold.

We will review several different proofs of Theorem 1.2 in Chapter 2. In par-
ticular, we shall see that there are different algorithms and choices of thresholds
that yield the optimal guarantee of 1/2. The fact that the optimal guarantee can
be achieved with a single threshold is rather remarkable. Indeed, any such rule
will not be instance-wise optimal (e.g., setting any non-zero threshold for the
final round is clearly sub-optimal). In addition, we shall see that there is in fact
a deterministic single threshold algorithm that achieves the optimal guarantee
of 1/2. Again this is rather remarkable, as the optimal single threshold algo-
rithm for a given instance typically requires randomization (see Example 1.2).
Finally, we shall see that it in order to set a threshold that achieves the optimal
guarantee of 1/2 it is sufficient for the gambler to know aggregate statistics of
the distribution of the maximum reward.’

Example 1.2 Consider the case of two identically distributed random vari-
ables, V| and , V,. Each is equally likely to take value 1 or 2. The optimal online
algorithm for this problem instance is very simple: Accept V; if it equals 2;
otherwise reject it and take V,. This algorithm obtains an expected value of
2-3/4+1-1/4 =1.75, which turns out to be equal to the prophet’s reward for
the instance.

What about the optimal single threshold algorithm? If the single threshold
algorithm is deterministic, then there are only two possibilities: either the
algorithm only accepts rewards of value 2, or it accepts any reward of value 1

2 1In fact, as we shall see in Chapter 5, the optimal guarantee of 1/2 can be obtained even if the
gambler has access only to a single sample from each distribution.

© copyright by J. Correa, P. Diitting, M. Feldman, T. Kesselheim, B. Lucier, 2025



8 Introduction

or 2. In the former case (e.g., by setting the algorithm’s threshold 7 to be 2 and
inclusively accepting in case of a tie), the expected reward is 2 - 3/4 = 1.5. In
the latter case (e.g., by setting the threshold 7 to 1 and inclusively accepting in
case of a tie) then the algorithm always accepts V| and again receives 1.5 in
expectation.

We can do better, however, if we allow the single threshold to use randomized
tie-breaking. Suppose we set the threshold to be 1 and choose p| = py = 1/2.
We then have four cases, each happening with probability 1/4:

e V| =2,V, =2. Here we obtain 2 since we take V;

e Vi, =2,V, = 1. Here we obtain 2 since we take V;

e V| =1,V, = 2. Here we take V| with probability 1/2 and V, with probability
1/2, for a total expected value of 3/2.

Vi = 1,V, = 1. Here we take V| with probability 1/2 and V, with probability
1/2-1/2 = 1/4, for a total expected value of 3/4.

Thus overall the single threshold algorithm (with the uniform tie-breaking
probability of 1/2) obtains: 2-1/4+2-1/4+3/2-1/4+3/4-1/4 =25/16.

1.4 Applications

The prophet inequality shows that it is possible to obtain, in expectation, half
of what would be achievable if all rewards were revealed in advance. Moreover,
this guarantee can be obtained with a simple threshold rule that simply accepts
the first reward higher than a pre-computed target quantity that depends only
on the distribution of the maximum reward. This may at first seem surprising
and unintuitive. But before we discuss different ways to prove this result in
Chapter 2, let’s explore some of its implications.

First, the fact that the prophet inequality can be achieved with a threshold rule
that depends only on the distribution of the maximum reward has immediate
practical implications. Since the threshold depends only on the distribution
of the maximum reward, it is independent of the order in which the rewards
arrive. This means that the threshold policy can be implemented even if the
order of arrival is not known in advance. Moreover, once we have determined the
threshold, the choice of whether or not to accept a reward or not does not depend
on the reward’s distribution, only its realized value. This means that we don’t
even need to know the order of the rewards as they arrive, or even the identity
of any given box; it’s enough to just only observe the rewards themselves. So
a policy that achieves the prophet inequality guarantee can be implemented
in any setting where we have advance knowledge of the distribution over the
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1.5 Generalizations 9

maximum reward, and then we have to process rewards in any order (even a
worst-case order).

Using a threshold rule for decision-making is also significant for another rea-
son: thresholds have natural interpretations in many practical contexts. Imagine,
for example, that we would like to give something away; a used bicycle, per-
haps. We would prefer that the bicycle goes to someone who would make good
use of it. Potential recipients arrive over time, each with an unknown value for
getting the bicycle. The prophet inequality suggests that we can approximate the
best allocation in hindsight by setting a threshold “value” in advance, and then
giving the bicycle to whichever potential recipient first exceeds that threshold.
At first glance this feels like a difficult policy to implement for many reasons,
not least of which is that a recipient’s “value" can be difficult to determine! But
if we interpret value as willingness to pay, then this threshold policy is exactly
equivalent to posting a take-it-or-leave-it price on the bicycle and selling to
the first person willing to accept the offer. Indeed, this connection between
threshold rules and posted prices has been a common refrain in recent uses of
prophet inequalities in economic settings, and one that we will explore further
in future chapters.

The example above is an instance of a welfare-maximization problem in
resource allocation. Online decision problems in the spirit of the prophet in-
equality arise in other contexts as well. For instance, a firm looking to fill a
critical position may need to accept or reject candidates before all possible
candidates have been interviewed. In this case, the prophet inequality suggests
that setting an appropriate threshold on candidate quality will achieve a con-
stant approximation to the expected value of the best candidate in hindsight.
Prophet inequalities are also useful for online revenue maximization, where
connections between expected revenue and a quantity known as virtual surplus
means that one can approximate online the best possible revenue that could be
raised by selling a good even if all potential buyers were together in one room
and competing against one another.

1.5 Generalizations

The prophet inequality applies to a simple and clean model. While the baseline
setting already has numerous applications, there are many contexts to which it
almost applies, or for which we can make additional structural assumptions that
might improve what is possible. As such, it is natural to consider many possible
extensions. Some are related to applications of markets that are more complex
than simple accept/reject decisions on rewards; others to different assumptions

© copyright by J. Correa, P. Diitting, M. Feldman, T. Kesselheim, B. Lucier, 2025



10 Introduction

about what information is available to the decision maker and when; and yet
others relate to weaker, perhaps more realistic, benchmarks. For each of these
we can explore the power of online policies and study different algorithmic
approaches to the corresponding decision problems. Here we summarize some
of these extensions and special cases, many of which we will explore in the
later chapters of this book.

Identical distributions. The baseline prophet inequality applies to arbitrary
reward distributions. But what about the case where the distributions are iden-
tical, meaning that the reward is drawn from the same distribution each round?
Can one obtain an improved prophet inequality in this case? It turns out that if
one insists on a threshold rule, then 1/2 is still the best possible approximation
factor. However, more generally, it is possible to improve upon this factor if we
allow more general online policies. We explore this setting in Chapter 3.

Arrival order. The standard prophet inequality assumes that rewards arrive
in an arbitrary but known order. As we’ve already discussed, it is possible to
achieve the prophet inequality bound of 2 even if the arrival order is unknown.
But are improved approximations possible for other arrival orders? What if
rewards come in a uniformly random order, or if the designer can choose to
observe the rewards in whichever order they prefer? It turns out that even for
a random order, a single-threshold policy can achieve better than 1/2 of the
expected offline optimum. This variant of the prophet inequality is the subject
of Chapter 4.

Accepting multiple rewards. Motivated in part by resource allocation prob-
lems, there has been an explosion of interest in prophet inequalities for richer
classes of decision problems. For example, what if the decision-maker is al-
lowed to choose multiple rewards? For instance, what if the decision-maker can
select at most k rewards? More generally, there may be some downward-closed
feasibility constraint determining which subsets of rewards can be simultane-
ously selected. We discuss the problem of selecting up to k rewards, and general
downward-closed feasibility constraints in Chapter 6. Afterwards, in Chapter 7,
we discuss multi-choice problems on matroids, which is a family of downward-
closed feasibility constraints that generalizes the problem of selecting up to k
rewards.

Combinatorial decisions. We can likewise consider extensions of the prophet
inequality that allow more complex decisions in each round. For example,

perhaps rather than choosing whether or not to accept a given reward, the
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1.5 Generalizations 11

decision-maker must choose one of k possible recipients for each reward, with
different recipients having different values. Or perhaps the decision-maker has
access to a pool of resources up-front, and must choose which subset of those
resources (if any) to allocate to potential recipients who themselves arrive
online. These matching and combinatorial allocation settings are the subject of
Chapter 8 and Chapter 9, respectively.

Balanced prices and contention resolution. In Chapter 11 and Chapter 12,
we review two of the leading techniques for showing prophet inequalities in
combinatorial settings. The first is the so-called “balanced prices” approach,
and the second is the (online) contention resolution approach. We will see
how these abstract and unify the majority of the proofs that we discussed in
earlier chapters. The discussion of these approaches presents more advanced
and technical material, which is not essential for the following chapters.

Imperfect knowledge of the reward distributions. We explore the case where
the decision maker has limited information about the distributions. One com-
mon way to quantify this is to assume that this partial knowledge takes the form
of samples: the decision-maker can observe one or more draws from the reward
distributions, and can use that information when making their online decisions.
As it turns out, even having only a single sample from each reward distribution
is enough to recover the factor 1/2 from the prophet inequality. We discuss this
and other settings with data sample access in Chapter 5 and Chapter 10.

Comparison with other benchmarks The prophet inequality compares the
expected reward of an online policy with the expected best reward in hindsight.
It is natural to ask about other benchmarks, as well. How does a given policy,
or class of policies, compare with the best possible online policy? What if
we compare with the best reward in hindsight, but under some additional
restrictions—say, observing fewer rewards in an i.i.d. setting, or being able to
accept fewer rewards in a scenario where one can accept multiple times. We
discuss these and other alternative benchmarks in Chapter 13.

Take-Aways

e A prophet inequality measures the performance of an online, stochas-
tic reward-selection policy by comparing its expected performance
against the expected value of the best choices in hindsight.

e The original prophet inequality of Krengel, Sucheston, and Garling
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12 Introduction

from 1977/78 establishes a tight 2-approximation for irrevocably
choosing a single reward.

e An important feature of the classic prophet inequality is that it can
be implemented with a simple threshold policy, enabling practical
applications like pricing.

e Since 2007 the area has seen an enormous amount of interest from
computer science, leading to new theory and applications. A main
goal of this book, in addition, to introducing the basic machinery and
results, is to guide the reader through these new developments.

Chapter Notes

The two foundational studies on prophet inequalities are (Krengel and Suche-
ston, 1977b) and (Krengel and Sucheston, 1978). The titles of these studies,
“Semiarts and Finite Values” and “On Semiamarts, Amarts, and Processes with
Finite Values,” point to the more general nature of the stochastic processes con-
sidered. The main result for which these garnered fame, is the tight prophet
inequality of 1/2 discussed in this chapter. Notably, Krengel and Sucheston
credit D. J. H. (Ben) Garling for showing the tight 1/2 factor, writing that they
themselves only showed that the factor must be between 1/4 and 1/2. For this
reason the classic prophet inequality is also sometimes credited to Krengel,
Sucheston, and Garling.

The original studies by Krengel and Sucheston did not use the gambler-vs-
prophet analogy. According to Harten et al. (1997), the term “prophet” was first
used in Krengel and Sucheston (1977a). The work by Krengel and Sucheston
sparked a new field in probability theory, with many exciting contributions, by
authors such as Theodore P. Hill, Douglas P. Kennedy, Robert P. Kertz, and
Ester Samuel-Cahn. Among this important first wave of studies, is the very
elegant work by Samuel-Cahn (1984), who provided a much simpler proof of
the optimal 1/2 factor established by Krengel and Sucheston, and showed that
this factor can indeed be achieved with a simple single-threshold policy.

A second wave of work, this time mostly in computer science rather than
mathematics, was triggered by Hajiaghayi et al. (2007), who used the standard
prophet inequality (and generalizations thereof) as a tool for online mechanism
design and pricing problems. Motivated in part by applications in economic
problems, but also realizing that prophet inequalities offer a new, less pes-
simistic paradigm for the analysis of online algorithms, the past 15-20 years
witnessed an explosive growth of work on prophet inequalities in computer sci-
ence. This has led to numerous breakthroughs ranging from generalizations of
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1.5 Generalizations 13

the classic prophet inequality to more complex settings such as online matching
or online combinatorial auctions, to data-driven prophet inequalities that relax
the assumption that the distributions from which the rewards are sampled are
fully known.

There are excellent mathematical text books on the broader topic of optimal
stopping (Chow et al., 1971; Shiryaev, 2007; Peskir and Shiryaev, 2006). There
is also a dedicated survey on prophet inequalities (Hill and Kertz, 1992), and
even a book (Harten et al., 1997). However, all of these predate (and do not
cover) the recent developments in computer science on which we focus in this
book. The closest in this regard are the surveys by Lucier (2017) and Correa
et al. (2019)—but these are much less comprehensive.
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2
Four Proofs of the Prophet Inequality

In this chapter, we present four proofs of the basic prophet inequality theorem,
namely Theorem 1.2. Recall that this result asserts that a gambler, when faced
with a sequence of random rewards that are revealed online, can guarantee an
expected reward that is at least half of the expected reward that a prophet with
complete foresight could achieve by simply picking the maximum reward.

Theorem 1.2 (The Prophet Inequality) Fix an integer n > 1. Consider a
sequence of n non-negative independent random variables V = (Vi,...,V,),
such that V; ~ F;, so that V is distributed according to F = Fy X ... X F,. Then,

1
Orr”(F) = 3 Orr(F).

Furthermore, the previous inequality can be achieved by a single threshold
algorithm.

In Section 2.1 we give the classic, arguably simplest proof. It is constructive:
it identifies an explicit threshold that attains the algorithm’s guarantee, and in
fact shows that more than one threshold works. Two natural choices are the
median and the mean of the distribution of the maximum reward. As discussed
at the end of the chapter, the mean-based rule underlies the balanced prices
approach, which extends to broader settings.

The second proof, presented in Section 2.2, follows a similar approach but
replaces the direct analysis of the gambler’s expected reward with a stochastic-
dominance viewpoint, bounding the probability that the gambler’s reward ex-
ceeds a given level.

The third and fourth proofs are much more different, and indeed, they do
not establish the second part of Theorem 1.2 in that, while they do establish
a prophet inequality of ratio 1/2, they fail to show that this can be achieved
with a single threshold. The third proof, presented in Section 2.4 is based

14
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on the important idea of contention resolution and furthermore compares the
rewards of the gambler to the ex-ante relaxation, a certain optimization problem
that upper bounds the reward of the prophet. Finally, the proof presented in
Section 2.5 is one of the earliest proofs of the result and it is based on a
completely different idea: It inductively shows that worse and worse ratios are
obtained by replacing the first and last two random rewards by a deterministic
reward and a long-shot. In the end, we are left with an instance like that in
Example 1.1 and can easily conclude.

Our rationale for going through different proof techniques is twofold: First,
different proofs uncover different features of the classic prophet inequality.
Second, often the discovery of a new proof technique enabled progress in more
complex settings.

2.1 Proof 1: Median Rule/Balanced Prices

We start by considering a single threshold 7 and the inclusive single-threshold
algorithm, ALg, that accepts the first reward greater than or equal to 7. Define
g = Pr[max;c[,) V; > 7], the probability that some random variable exceeds
the threshold (including the case of a tie). We further define |x|; = max{x, 0}.

Clearly, if some box exceeds the threshold, ALG gets at least the threshold 7.
We refer to this reward as the baseline. On top of this, the reward ALG gets may
exceed the threshold. For instance, if ALG stops with the i-th random variable,
having value v;, then ALG gets a bonus bonus; = v; — 7 = |v; — 7|,. With this
we may write the expected reward of ALG as the baseline plus the sum of the
bonuses.

ALG(F) =E [ALG(V)]

=E

Zn:Vi AWV <1)- 1V < 1) - L(V; 2 T)l
i=1

=E

n
DW=l IV <) L(Vig < 1)
i=1

+7-E

STLW < 1) 10y <) 10 2 1)
i=1

n
=Y E[Vi—tle- 1V <7) - 1(Viey < D] +74.
i=1
Here, the first term corresponds to the sum of the bonuses while the second
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16 Four Proofs of the Prophet Inequality

corresponds to the baseline. For the latter, we observe that the sum of the
indicators equals ¢ since X", 1(V; <7)--- 1(Vi-y <7) - 1(V; = 7) equals
1 if and only if there is a value V; that exceeds or matches the threshold.
Continuing from the last expression we conclude that:

n
ALG(F) =ZE [lVi-7|s]Pr[Vi<T,...,Vi_1 < 7] +19.

i=1

> E[|Vi-71|+]Pr[Vi<7,...,V, <7] +719.

n
i=1

=(1-¢) Y E[IV; -t} +7q.
i=1

n
Z Vi — 7|+

>(1-¢9)E +174.
i=1
>(1-¢q)E |max |V; — 7|4 | + 74.
i€[n]
>(1-4¢q)(Opr(F) — 1) + 19. 2.1

The first equality follows from the assumption of independence. The second
step follows since we include more events in the probability. The third step
holds the definition of g. The next follows by linearity of expectation. The fifth
step follows by lower bounding the sum of nonnegative terms by the maximum.
And the final step follows by removing the | - |, and the definition of OpT(F).

To conclude the proof, we need to specify the choice of 7 and its corre-
sponding ¢ = Pr[max;c[,] V; > 7]. Interestingly, there are several possible
choices. For instance, if 7 = 1/2 - Opt(F) (i.e., the mean of the distribution of
max;e[n] Vi), then regardless of the value of g we obtain

ALG(F) > % - Opr(F).

Alternatively, if there exists some 7 such that ¢ = 1/2 (e.g., T is the median
of the distribution of max;c[,] V; and is not an atom of that distribution), this
yields

ALG(F) = (1 —gq)(Opr(F) — 1)+ 19 = % - Opr(F).

Moreover, whenever 7 lies strictly between the mean and the median of
max;e[n] Vi, the result holds. To see this, note that any scenario where 7 lies
strictly between the mean and median falls into one of two cases:

.72 % -Op1(F) and g > % (the mean is above the median), or
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2.2 Proof 2: Approximate Stochastic Dominance 17
2. 1< % -Opr(F) and g < % (the mean is below the median).

In the former case, since 2g — 1 > 0 we have that:
ALG(F) = (1-¢)Opr(F)+(2g-1)t = (1-g+2g—-1)Op1(F) > % -Opr(F).
Similarly, in the latter case, since 2g — 1 < 0, we have that

ALG(F) = (1 -q)Opt(F) + (2g— 1)t = (1 — q)Op1(F) > % - Opt(F).

We can make two important conclusions from this proof. First, only very
limited information is needed to set the threshold 7 (such as the mean or median
of the distribution of the maximum reward). Second, with the mean-based rule,
there is always an inclusive (and hence deterministic) single threshold algorithm
that achieves the optimal guarantee of 1/2.

2.2 Proof 2: Approximate Stochastic Dominance

‘We now turn to the second proof of Theorem 1.2. While similar to the previous
proof, this one essentially establishes that, for all value x > 0, the probability
that the gambler gets a reward of x or more, is at least half that of the prophet
getting x or more. This introduces a new technique that we call approximate
stochastic dominance, and that will be useful in future developments.

Again, pick a threshold 7 and consider the inclusive single-threshold algo-
rithm ALG that accepts the first reward of value 7 or more. Let r be the index
of the first sampled value above the threshold. Thus, V, denotes the reward
of AL so that ALG(F) = E[V,]. For convenience let also V := max;<;j<, V;
be the expected maximum reward, and thus Opr(F) = E[V]. We show that
E[V,] > 1/2-E[V].

As in the previous proof, we let g be the probability that some value meets
or exceeds 7, i.e., ¢ = Pr[V > 7]. Note that for any nonnegative value x we
have that:

q xX<T,

Pr[Vr>x]Z{ ,
(I1-¢)Pr[V>x] x=>1.

Indeed, the first case is trivial since we only stop when seeing a value of at
least T and the probability that this value exists equals g. On the other hand, for
x > 7, by conditioning on the stopping time and using the union bound, we get

Pr[V, > x] = Zn:Pr Vi > x] [_[Pr [V, <]
i=1

j<i
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18 Four Proofs of the Prophet Inequality

2(1—q)zn:Pr[Vi>x] 2(1—q)Pr[V>x].

i=1

The latter inequality allows us to lower bound our reward as follows:

E[Vr]:/wPr[Xr>x]dx2Aqux+(1—q)/mPr[V>x]dx

0
>qr+(l-¢q)(E [\7] -7)=qt+(1-q) (OpT(F) - 7) .

The last inequality follows since E[V] = fooo Pr[V > x]dx < 7+ fT “Pr[V >
x]dx. With this, we have the same inequality as (2.1) in the previous proof, so
we conclude similarly.

2.3 Intermission: Handling Ties

So far we have focused attention on deterministic single threshold algorithms
that are inclusive, meaning that they accept a value v; whenever v; > 7. In fact,
the mean-based approach in Section 2.1 shows that there is always an inclusive
single threshold policy that achieves the worst-case optimal guarantee of 1/2.
However, other rules, such as the median-based rule discussed in the same
section, require more care. For instance, there may not be a threshold 7 such
that ¢ = Pr[max;e[,) Vi > 7] = 1/2.

However, as we shall show next, it is always possible to convert a (without
loss generality, deterministic) threshold-based algorithm that achieves a certain
approximation to the prophet for continuous distributions, into a randomized
threshold-based algorithm that achieves the same guarantee for general distri-
butions.

Lemma 2.1 Fix integer n > 1 and constant y € [0, 1]. Suppose Aic is a
threshold algorithm such that, for any continuous distribution F = FyX. . .XF,,

ALG(F) = vy - Opr(F).

Then ALG can be extended to a threshold algorithm ALG’ such that, for any
(possibly discontinuous) distribution F’, ALc'(F’) > yOpr(F’). Moreover, if
ALG is a single threshold algorithm, then ALG is as well.

Proof Fix any (possibly discontinuous) distribution F = F| X ... X F,,. For
each € > 0, we define a perturbed distribution F(¢) = FI(E) X ... X F,(f) as

follows: to draw a value from Fl.(f), first draw V; ~ F; then add to V; a value
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2.3 Intermission: Handling Ties 19

drawn independently and uniformly from [0, €]. Note then that, for all i and all
Vi 2 0, Fi(V; - €) < F{9 (Vi) < F (V).

For any € > 0, F(¢) is a continuous distribution. Therefore, by assumption,
ALG proceeds as a threshold algorithm on input F(€), say with thresholds
7€) = (‘rl(e), ...,759). For eachi € [n], let p}e) =1- Fl.(e) (Tl.(f)) denote the
probability that element i is chosen under these thresholds, conditional on no
earlier element having been chosen. We write p(€) = (pie), cee, p,(f)) € [0,1]"
for the vector of such probabilities.

As Opr(F) is finite, we can assume without loss that the thresholds Ti(e

are uniformly bounded.! There therefore exists an infinite decreasing sequence
Ej)

)

€1 > € > €3 > ..., converging to 0, such that, as j — oo, threshold Ti(
converges to some 7; and pgej ) converges to some p; for all i. Write p =
(p1y...,pn)and T = (11, ..., 7).

We are now ready to define the behavior of algorithm ALc’ on distribution F.
We let ALG’ be the threshold algorithm with thresholds 7, and with tie-breaking
set so that, on input F, each element i is chosen with probability p; conditional
on ALc’ not having chosen any prior element.

We claim first that this AL’ is well-defined as a threshold algorithm. In
particular, this requires that the claimed tie-breaking rule exists, which is true
if and only if, for each i,

Pr[V; > 7] < p; < Pr[V; > 74]. (2.2)

To see why (2.2) holds, suppose first for contradiction that Pr[V; > 7;] > p;.
Then there exists some 7/ > 7; and p; > p; such that F;(r/) = 1 — p]. Since
7/ > 13, convergence of Ti( &) to 7; implies that there exists some €y < |7; —7/|/2
such that for all €; < €, (&) < Ti' — €. But now, for all such j, we have

p'9 =1 - Fl9 () (definition of p')
>1- Fl-(Tl.<Ej)) (as Fl.(e")(x) < F;(x) for all x)
>1-F(t)) (since 7/ > Ti(ej) +€)
= pl,’

which contradicts the assumption that p(€/) converges to p;.

For the other half of (2.2), suppose for contradiction that Pr[V; < 7;] < p;.
Then (as above) there exists some 7/ < 7; and p; < p; such that F;(7/) = 1-pj.
Further, there exists some €y < |7;—7/|/2 such thatforall €; < ¢, &) > T/ +€).

I Replacing each Ti(E) with min{Tl.“) , OpT(F) + €} yields uniform boundedness and retains

the property that ALG(F (€)) > y - Opr(F (€)) for any y € [0, 1].
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20 Four Proofs of the Prophet Inequality

But now, for all such j, we have

pgej) =1- Fi(Ej)(Ti(E’)) (definition ofpfej))
<1l- Fi(Ti(Ej) - €;) (as Fi(éj)(x) > F;(x — ¢;) for all x)
<1- F,’(Ti(ej) - &) (since € > €;)
<1-Fi(7)) (since 7/ < Tl.(ej) - &)
=pi,

which contradicts the assumption that p(€/) converges to p;. Taken together,
these two cases establish (2.2), so algorithm Arc’ is well-defined.

We are now ready to bound the expected reward obtained by ALc’ on dis-
tribution F. For each i, write Q; for the expected value of V; conditioned on
V; being selected by ALG’ (accounting for both the threshold and tie-breaking
rules). Noting that ALc’ considers element i with probability [T,.;(1 — px),
linearity of expectation implies

AL’ (F) = ) 0i | (1= pa).

k<i

Recall that pgej ) converges to p; as j — oo. Furthermore, the expected value

of the top p; quantile of F(&) is at least Q; and is within e ; of Q;, by definition
of F(<); that i,

Qi E[V@ | FOVD) > 1-p| <0+

So, in particular, the expectation in the inequality above converges to Q; as
Jj — oo. We conclude that for any ¢ > 0 there exists some €y > 0 such that, for
all €; < €,

ALG'(F) 2 ) E [v<f.f> | Fle) (v(€)) > 1 —pi] [Ta-po-6
i

k<i

> S BV | FO @) > 1-p| [0 -p7) - 26
i k<i

= ALG(F'9)) - 26.

But we now recall that AL(F(%)) > yOpr(F(%)) by assumption, and note
that Opr(F¢)) > Opr(F) since F () first-order stochastically dominates F.
We therefore conclude that

ALG'(F) > ALG(F %)) =26 > yOp1(F(9)) = 26 > yOpr(F) — 26
for all § > 0, and hence ALc’(F) > yOpt(F) as claimed. O
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2.4 Proof 3: Relax and Round 21
2.4 Proof 3: Relax and Round

In this section, we give a third approach to the prophet inequality problem by
using the so-called ex-ante relaxation. For this, we consider continuous and
strictly increasing distributions Fi, .. ., F, (so that we can take inverses).

The ex-ante relaxation corresponds to an optimization problem whose opti-
mal value upper bounds the reward of the prophet. The first observation required
to be able to write it down is the following.

Proposition 2.1 If X ~ F is a real random variable and A is any event of
probability a € [0, 1], then

E[X|A] <E[X|X > F'(1-a)].

Proof To see this we prove a stronger statement. The conditional random
variable on the right, X|X > F~!(1 — a), actually stochastically dominates the
random variable X|A. Indeed,

Pr(X > xNH]

min {P:[X > x],Pr[H)]}

min{Pr[X >ax],Pr[X > F1'(1-a)]}
Pr[X > max{x, Fj(l —a)}]

Pr[X > x|A]

a
=Pr[X>x|X>F'(1-a)],

as claimed. O

Now, let g; be the probability that i = argmax; V;. Note that 3.7 | g; = 1.
Note also that ¢; = Pr[V; > max;,; V;] by definition (recall that we are
assuming continuous distributions), and therefore

E [wm > maxvj] <E[Vi|Vi > F'(1-q)].
J#i

From this it follows that the prophet’s reward, OpT(F) = E[max; V;] =
" E[Vi[V; > max;; V;]g; can be upper bounded by the following opti-
mization problem:

n
[Ex-Ante] maximize ZE [V5|V,~ > F7(1 —x[)] X; (2.3)
i=1

subject to le- =1

i=1
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22 Four Proofs of the Prophet Inequality
x; >0

This optimization problem is called the ex-ante relaxation, because we re-
place the ex-post constraint of taking only one reward with an ex-ante constraint
on the expected number of rewards taken.

We now derive a lower bound between the performance of the gambler and
the ex-ante relaxation, which immediately implies a prophet inequality.

Let x* be the optimal solution to [Ex-Ante], and let Ex-Ante(x*) denote the
objective value attained by the optimal solution. Consider the deterministic
thresholds algorithm, ALG, obtained by setting 7; = F~!(1 — x7/2)); namely,
the gambler stops the first time i in which V; > 1;.

Note that for every i, we have Pr[V; > 7;] = x}/2. Therefore, by union
bound, we also have

n n

Pri3jzi:Vizo]s D Prvizols Y xij2s

j=Lj#i j=1j#i

| =

With this bound we can lower bound ALG(F) as follows.

Ato(F) = Y E [Vil(Vi 2 m)L(Yj <i:V; < 1))

i=1

> Y E[ViL(Vi 2 )1(Yj #i:Vj < 77)]
i=1

n
X.
- ZE ViV > 7] S’Pr [Vj#i:V;>1]
i=1

*

ZE VilVi > 7] %(1 -Pr(3j#i:V;>1])
i=1

\%

1 ¢ .
7 ZE [VilVi 2 7] x;
)

v

1 n
7 Bz B =)
i=1

1 1
> 7 - Ex-Ante(x*) > 7 -Op1(F).

While the previous proof provides a bound against an upper bound on
Orpt(F), namely the ex-ante relaxation, the actual constant that we proved
is only 1/4 rather than the stronger 1/2 we proved earlier. In what follows,
we show that the stronger bound can also be achieved when compared to the
ex-ante relaxation, but a more careful definition of the thresholds is needed.
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2.4 Proof 3: Relax and Round 23

For this, observe that the previous argument works just fine so long as we
can find thresholds 7; satisfying Pr[V; < 7;¥Vj < i,V; > 7;] = x}/2 for all
i=1,...,n. Indeed, if this is the case

ALG(F) = Zn:E [Vil(V; = t)1(Vj <i:V; < 1))]

i=1

n
:ZE[VI-WI- > 1;] Pr [\/j <i:Vi<71,V; ZT,-]
i=1

*

=

(Y

ZE VilVi = 7]
i1

\Y
D —
Ingh

Il
—_

E [Vi|V; > 7] x]

E [Vi[V; > F{'(1 - x}/2)] x}

v
ST
gt

\%
M- 1

E [VilVi > F7'(1—x})] x;

L

[\
N = N =

1
- Ex-Ante(x") > 3 -Op1(F).
All that remains to argue is that there exist thresholds 71, . . ., 7, that satisfy
1
PrVi<t,....Viqi<t1,Vi>1] = Ex:-‘, foralli=1,...,n.

To this end, consider ¥; = Pr[V; > 7;] and define 7,...,7, in this order
recursively by setting

*

X
21, -%p)
By this definition and applying F; to the previous equation, we obtain the
equations

n=F[1-

%

X
2]] j<i (1- X; )
Note that for the 7;’s to be well defined, all we need is that the solution to

the previous equations X, satisfies ¥; € [0,1] for all i = 1,...,n. To see this,
observe that for all 7 it holds that

X foralli=1,...,n.

[Ja-#)% = %

Jj<i

© copyright by J. Correa, P. Diitting, M. Feldman, T. Kesselheim, B. Lucier, 2025



24 Four Proofs of the Prophet Inequality

and therefore []; ;4 (1 —%;) = [1;<;(1 - X;) —x;/2. By repeatedly applying
this identity to [];;(1 — X;), we obtain

x*
= J
[o-s=1-3 %
J<i J<i
Because of the constraint };; x’]’f < 1,weobtain 1 > [];,;(1-%;) > %, SO

- X N
Xi € [=,x;

BT R PR R

as needed.

2.5 Proof 4: Induction

We finally present an early proof of Theorem 1.2 based on a completely different
idea. Consider an instance V = (V1, ..., V,). The proof first establishes that the
ratio Opt® (V) /Opt(V) decreases if we replace the random random variable
variable V| with a deterministic random variable 4. Secondly, we establish that
the ratio decreases again if we replace the last two random variables V,_1,V,
by a single random variable that is a long shot, i.e., it is very large with very
small probability and zero otherwise. This last step allows us to use induction
to reduce the problem of lower bounding Opt°™ (V) /Opt(V) to a problem with
just two random variables.? To finish the proof, we observe that

V(V1,V2) S max{E[Vi],E[V:]} S 1
E[max{V},V2}] = E[W]+E[V,] — 2

Let us now establish the two steps just described. For the first part define
A=V(V,,...,V,), the expected value the gambler gets on the last n— 1 random
variables. Note that for any set of 3 values a, b, ¢ we have that

max{a, b} < max{c, b} + |a —c|4.

This can be easily seen by conditioning on which of a, b, c is largest. We can
thus apply the inequality to a = V|, b = maxy<;<, V;, and ¢ = A4, and take
expectation to obtain:

<E

E [max Vi +E[|VI - 2]4].

i€[n]

max{4, max V;}
2<i<n

2 Moreover, it tells us that the first value is deterministic and the second a long shot, as we
already know what the worst case looks like.
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On the other hand, by the backward induction of Section 1.2 we have that

Ort™(V1,Va,...,V,) = 0Pt (Va, ..., V) + E[|V] — A]4]
= OPTON(/L Vo,. .. ,Vn) +E [|V] - /l|+] .

Therefore,
Ort™(V1,Va, ..., V) S Ort™ (A, Va, ..., V) +E[|V] — 2]4]
Emaxiei Vil E[max{4 maxoeicy Vi}] + E[IVi - AL1]
Ort™ (A, Va,..., V)
~ E[max{1, maxa<;<, Vi}]

We conclude that instance (4, Vs, . . ., V;,) is harder for the prophet than instance
Vi, V).

The second step of the proof consists of modifying the instance once more
to make the gambler’s life yet harder. As described above, this time, we will
replace the last two random variables V,,_; and V,, by a single random variable
L that we term a long shot. So let L be the random variable taking the value
Opt*Y(V,—1, Vi) / p with probability p and the value 0 otherwise.

Clearly, Opt®Y(2A,Va,...,V,20,L) = OpT®Y(A,V>,...,V,). On the other
hand, E[max(A,V,,...,V,-5,L)] — E[max(A,V,,...,V,»)]|+E[L]asp —
0. Recalling that E[L] = V(V,,_1, V,;), we obtain that

E[L] =E [Va] +E [|Vp-1 ~E(Va) 4]
2 E [Va] +E [[Vi1 — Al4]
>E [Vn] +E [an—l - max(/l, Vo,..., Vn_2|+] .
Therefore,

E [max(/]w V2’ MR Vl’l—2’ L)] —0> E [max(/l’ VQ? crc ‘/I‘L—Z)] + E [L]
2

Z E [max(/l’ VQ’ sy ‘/I‘L—l)] + E [Vl’l]
>E [max(4,Va,...,V,)].
We thus conclude that for p small enough

Oorr®™ (A, Vo, ..., V,) S Oorr®™ (A, Vo, ..., V0, L)
E[max{1, maxs<;i<, V;}] = E[max(1,Va,..., Vw2, L)]’

as needed.

2.6 Discussion/Outlook

As mentioned at the outset of this chapter, the main purpose of going different
proofs for the same result is that these proof techniques often can be generalized
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26 Four Proofs of the Prophet Inequality

to more complex settings. Indeed, we will be returning to these basic proof
patterns throughout this book.

As an example, consider the first proof covered in this chapter. The key
quantities, baseline and bonus, that arise in this proof can be economically, in
terms of revenue and utility. To see this, consider a posted-price mechanism
for selling a single good with fixed price 7. Suppose that the random variables
Vi,...,V, correspond to the values of buyers arriving one-by-one, and that
buyer i buys the good if it’s still available and if it’s value v; is at least the price
7. The revenue of this mechanism is 7 if at least one buyer’s value v; exceeds
7, while the utility of the buyer i that purchases the good is v; — 7. Since the
mean-based rule equalizes the two contributions, the revenue and utility part,
it is also referred to as the balanced prices approach. It turns out that this idea
is much more general, and leads to relatively simple proofs in more general
settings.

Similarly, the third proof in this chapter, based on relax-and-round may
be very natural to a someone with an algorithms background. Indeed, suitable
generalizations and formalizations of this approach, known as online contention
resolution schemes, have driven a lot of progress in prophet inequalities over
the last two decades.

Take-Aways

e There are many different techniques that have been developed for
proving the classic prophet inequality.

e Often the discovery of new proof techniques for the basic setting
has enabled progress in more complex settings (e.g., combinatorial
domains).

e Handling discontinuous distributions is a common subtlety in
prophet inequality proofs, typically handled by careful randomiza-
tion of decisions.

Chapter Notes

The first proof presented in this chapter is due to Samuel-Cahn (1984). Indeed,
she noted that a simple single threshold strategy was enough to achieve the
optimal competitive ratio. Samuel-Cahn’s proof coincides with our first proof,
with the threshold 7 chosen to be the median of the distribution of max;¢(,) V;
(i.e., setting g = 1/2). To the best of our knowledge, the first proof that choosing
7 =1/2-Op1(F) also gives a 1/2 prophet inequality is due to (Wittmann, 1995,
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Theorem 8). This was also independently observed in Kleinberg and Weinberg
(2019).

The balanced prices idea is very powerful, and we will use it extensively
throughout the book. The key articles that developed this proof approach into
a general framework include (Feldman et al., 2015; Kleinberg and Weinberg,
2019; Diitting et al., 2020). We will return to these studies and the general
approach in Chapters 7,9, and 11.

The second proof based on approximate stochastic dominance is due to
Kleinberg and Weinberg (2019). This proof technique is also very general and
has been adopted to numerous settings. It plays a particular important role in
the proof of the optimal prophet inequality for the case of identical distributions
(see Chapter 3) and a variant of the classic prophet inequality problem known
as the prophet secretary problem (see Chapter 4).

The third proof, which takes a relax-and-round approach, is known as online
contention resolution. It is developed in (Chekuri et al., 2014; Feldman et al.,
2021; Lee and Singla, 2018). The ex-ante relaxation as a useful benchmark
was introduced in (Chawla et al., 2007) and further popularized in (Yan, 2011;
Chawla et al., 2010; Alaei, 2014). Similar to the balanced prices approach,
the online contention resolution approach is very general and powerful and we
return to it throughout this book (see Chapters 6 to 8 and 12).

The fourth proof based on induction and successive simplification of the
instance is due to Hill and Kertz (1981). While we are not aware of other
studies that follow exactly this proof approach, the general proof strategy of
identifying hard instances has been successfully applied in many studies. See,
for example, Liu et al. (2021) and Brustle et al. (2024).

There are, of course, additional proof techniques that we did not cover in
this chapter; we will see a particularly elegant approach based on samples in
Chapter 5.
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3

Identical Distributions

A natural question arising from Theorem 1.2 is whether the constant 1/2 can
be improved when we restrict the distributions to be identical. In this chapter,
we tackle this problem and show a substantially improved prophet inequality
in the i.i.d. case. This is not simply a matter of tightening the arguments from
the previous chapter to the i.i.d. setting: new ideas and methods are needed to
obtain this improvement.

Indeed, we start by showing that the factor 1/2 cannot be improved using
deterministic single-threshold algorithms, but if we allow randomization when
there is a tie, that is, if we consider general single-threshold algorithms, then
the gambler can obtain a reward which is within a factor of 1 — 1/e =~ 0.63
of that of the prophet. Then, by considering general threshold algorithms, we
further improve this result and obtain the best possible prophet inequality for
i.i.d. valuations whose approximation factor is ~ 0.745.

Throughout this chapter, we consider n (non-negative) random variables
Vi, ..., V,, that are independent and identically distributed according to F.
As usual, the random variables are realized sequentially so that at time i, we
observe the realization v; of V; ~ F. We write V = (Vy,...,V,) and F = F",
sothatV ~ F.

Approximate Stochastic Dominance. The following notion of approximate
stochastic dominance will be a main tool throughout this chapter. Consider
two non-negative random variables X ~ F and ¥ ~ G. We say that X a-
stochastically dominates Y if and only if, for all z > 0,!

PriX>z]>a -Pr[Y >7].

Lemma 3.1 If X a-stochastically dominates Y then E[X] > ¢ E[Y].

' Note that for @ = 1 this coincides with the standard definition of first order stochastic
dominance.

29
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Proof The result follows immediately by integration. Indeed,
E[X]=/ (1—F(t))dt2&-/ (1-G(@)dt =aE[Y]
0 0

as claimed. O

3.1 Necessity of Randomization

We start by examining deterministic single-threshold algorithms, showing that
no such algorithm can improve upon the factor 1/2 even in the i.i.d. setting. To

this end, consider the instance V = (Vy, ..., V) in which each V; is distributed
as follows:
1 1
Pr[Vi:l]:l——2 and Pr[Vi:n]:—z.
n n

Note first that the expected reward of the prophet OpT(F) is given by

Orr(F) =E

max V;
i€[n]

Il
[
+
—_
|
—
—
[a—
|
S
ND—‘
~——
3
5]
[
=
N
~
S
|
—_
~

21+(1—e_1/")(n—1)
-1 2

>1+2 - -0 .
n+1 n+1

Here, for the first inequality, we use that the sequence (1 —1/k)* monotonically
converges to 1/e from below. The second inequality holds because e!'/” >
1+ 1/nand thus e /" < n/(n+1).

Let us now consider a deterministic single-threshold algorithm given by a
threshold 7. Since each V; is supported on {1, n}, we can assume without loss of
generality that the deterministic single-threshold algorithm is inclusive (since
any exclusive single-threshold algorithm for this problem instance can be equiv-
alently represented as an inclusive algorithm with slightly lower threshold). We
will show that no such 7 can guarantee the gambler an expected reward better
than 1 + 1/n.
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3.1 Necessity of Randomization 31

Indeed, setting 7 < 1 guarantees that V| is accepted, so we get value E[V]] =
1 —1/n* +n/n* < 1+ 1/n. Alternatively, if we set n > 7 > 1, we never accept
a value of 1 and obtain reward » if and only if it appears in the sequence. This
happens with probability

N I NS (1

Thus, the reward we obtain is at most n - 1/n = 1. Finally, if 7 > n, we never
accept and we obtain a value of 0.

So in all cases, our expected reward, ALG(F), is no more than 1 + 1/n while
Opt(F) > 2 -2/(n+1). Therefore

ALG(F) < 1+1/n
Orr(F) ~ 2-2/(n+1)

— 1/2.

The previous instance gives us little hope for the possibility of improving the
factor 1/2 in the i.i.d. setting using deterministic single-threshold algorithms.
However, quite surprisingly, a small algorithmic twist does the job and allows
us to surpass this barrier. The additional feature we will use is that whenever
there is a tie between the chosen threshold and the value, we will allow the
stopping decision to be randomized.

To illustrate this, let us go back to the example, but now consider the fol-
lowing randomized single-threshold algorithm: it uses threshold 7 = 1, and
whenever the observed value is precisely equal to 1 the algorithm accepts it
with probability 1/n. In this case, upon observing V;, we stop with probability
1/n*+(1=1/n%) -1/n = 1/n+1/n*> — 1/n>. Therefore, the overall probability
of stopping, and thus obtaining some reward, is 1 — (1 = 1/n—1/n*>+1/n%)" >
1 — (1 —1/n)". Furthermore, conditional on stopping, we obtain reward n with
probability

1/n? 1/n n 1

= = >
I/n+1/n2-1/n3 1+1/n=1/n2 n24+4n-1 n+1’

and value 1 otherwise. Overall, the expected reward conditional on stopping is
at least 2n/(n + 1). We conclude that our total expected reward is at least

(1 —(1-1/n)")-nz+—"1 —2(1—1/e) = 1.26.

Interestingly, this is substantially better than what we could obtain with a
deterministic single-threshold algorithm. In the next section we prove that,
in the general i.i.d. setting, there always exists a randomized single-threshold
algorithm that guarantees a fraction 1 — 1/e of the prophet’s reward.
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3.2 A (1 - 1/e)-Approximation

In this section, we show that a randomized single-threshold algorithm achieves
a (1—1/e)-approximation to the prophet, and that this is best possible. We start
by showing that such an algorithm exists.

Theorem 3.1 Let V = (Vy,...,V,) be independent, identically distributed,
non-negative random variables, distributed according to F. Then there exists a
(randomized) single-threshold algorithm such that

ArG(F) > (1 1)OPT(F) .

e

In light of Lemma 2.1, it suffices to show the following lemma, which
establishes the existence of a fixed threshold algorithm for the case where F is
a continuous distribution.

Lemma 3.2 Let V = (Vy,...,V,) be independent, identically distributed,
non-negative random variables, distributed according to continuous distribu-
tion F. Let T be a threshold such that F(t) = 1 — 1/n and consider the
algorithm, AL, that accepts the first reward of value T or more. Then ALc(V)
(1 = 1/e)-stochastically dominates Opr(V), and hence

1
ALG(F) > (1 - —) Orr(F) .
e
Proof Let seL be the index of the first i for which V; > 7. So that Vg =
ALG(V), and then ALG(F) = E[ Vg ].
Because 1 — (1 = 1/n)" > 1 — 1/e for all n, it is sufficient to show that Vs

a-stochastically dominates Opt(V), for @ = 1 — (1 — 1/n)". This is showing
that for, all z > 0,

Pr Vg > z] > (1—(1—1) )Pr [m_axV,— ZZ].
n i

We distinguish two cases. If z < 7, then Vg automatically has value 7 or
more if any V; exceeds the threshold. Therefore,

1 n
Pr[VSELZZ]=Pr[3i:V,~27']=1—(1——) ,
n
and the inequality is direct.
Now we consider z > 7. We can decompose the event Vg > z into disjoint

events Vq,...,V;_1 < 1,V; > z. Because the V; are independent and identically
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distributed, this is

n
Pr [V > 7] =ZPr Vi,...,Via<1,Vi27]
i=1

= > PrVi<t]...Pr(Vig <7|Pr[V; 2 2]
i=1

Zn: (1 - %)H Pr [V, > 7]
i=1

=——Pr[V, >¢]

—
|
—_—
—_
|
=

—_
|

—
|

:(1_
ll’l

2(1—(1——) )Pr[max Vl-Zz]
n i=1,..., n

Here the last inequality follows from what is known as the union bound. For
this note that we can write the event that the maximum V; is at least z as a union
of disjoint events of the form V| < z,...,V;_1 < z,V; > z and thus;

)") nPr[V; > 7]

1-

/_\
—
[
— —
—
[
= 3= 3=

)n) Pr[V; > z]
i=1

Pr [maxV,- 2 z] =Pr
L

n
UV] <z,..,Vi.i<z,Vizz
i=1
n
ZZPI‘[Vl <z,...,.Vi.1<z,Vi> 7]
i=1

n
<>Priviza .
i=1

In combination, these two cases give the desired inequality as claimed. O

An alternative approach to obtain Theorem 3.1 is to argue in quantile space.
So we take Vi, . .., V, non-negative i.i.d. random variables, distributed accord-
ing to F" and refer to V as arandom variable with the same common distribution.
Let F~'(g) = inf{x > 0 | F(x) > g} be the generalized inverse of F (or quan-
tile function) and let 7(g) = F~'(1 - ¢).

Let R(q) = foq F~'(1 = 0)de, which equals the expected reward from a
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random variable that is accepted with probability g. Indeed, R(q) = Pr[V >

(QIEWVIV 2 7(g)] = qr(q) + [ 1 = F(dt = [T F7'(1~6)do
Now, we use integration by parts, then the change of variables F(f) = 1 — g,
and then integration by parts again.

Orr(F) = E(max{Vi,...,V,}) = /°° 1 - F"(¢)dt
0
= / nF" Y (t)F’ (1)dt
0
1
= 1-¢)"'F'(1-¢g)d
n /0 (1-g)" ' F1(1 - g)dg

1
_ _ _ n-2
‘"/o (n=1)(1 - q)"2R(g)dg .

Noting that (n—1)(1—¢g)"~? is the PDF of a beta distribution with parameters
landn—1, B(1,n-1), we note that OpT(F) = n Ey.g(1,n-1)[R(g)]. Observing
that R(q) is concave since it is the integral of an decreasing function we can
apply Jensen’s inequality to conclude that:

OPt(F) < nR(Eq-p(.-1) lg]) = nR(1/n).
Now take quantile ¢ = 1/n and consider the natural algorithm, ALg, that

stops the first time it sees a value V; > 7(q). Clearly,

n—1

E [Arc] = > (1-q)'R(g) = R(1/m) D (1 -q)'
i=0

i=1
(I-1/m)" 5

:R(l/n)l — T (1=1/e)nR(1/n).

Optimality of (1 — 1/e¢). We next show that no randomized single-threshold
algorithm can achieve a better than (1 — 1/e)-approximation.

Theorem 3.2 For every n, there exists a distribution F such that for every
randomized single-threshold algorithm AL, facing the sequence of random
variables V1, ..., V, sampled independently from F, it holds that
1 1
ALG(F) < (1 -—-+0 (—)) - E[max{V;}].
e n i€[n]

Proof Consider the following problem instance. Each V; is equal ton/(e — 1)
with probability 1/n2, and (e —2)/(e — 1) otherwise. Note that

1\" e-2 1\" n
=(1-—=] - +(1-(1-—= .
( n2) e—1 ( ( nz)) e—1
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ol

Next we analyze the performance of an arbitrary randomized single-threshold
algorithm with threshold 7, which accepts a value of exactly 7 with probability
p- Without loss of generality, we may assume that 7 € {(e—2)/(e—1),n/(e—1)}
andthat p = 1ifr=n/(e-1).

In the case where 7 = n/(e — 1) and p = 1, the algorithm only accepts the
high reward and

\" 1 1 1
A(F)=[1-[1-=] | 2 < +o0|=]~058+0](-].
n? e—1"e—-1 n n
For the remaining case where 7 = (e —2)/(e — 1), letg = (1 = 1/n%) - (1 -

p) < 1 = 1/n? denote the probability of skipping any given random variable
conditional on reaching it. We then have

S 1 e-2 1 n
AL(F) = )" ¢’ ((1——2—q) — )
p n e—1 n? e-1
_ -q" 1—1—q .6—2 1 n
1-g¢g n? e—1 n? e-1
1-g" 1
< . -2+ —, 3.1
< e ) o

where in the final inequality we simply used 1 —1/n?—g < 1—¢ and rearranged.

To analyze the upper bound in Equation (3.1), let us substitute y = (1 —gq) - n.
Note that then ¢" = (1 — y/n)". We can approximate 1 — (1 — y/n)" with
1 —¢e™ +0(1/n). We thus obtain

ALa(F) < L= ~((e—2)+1)+0(1).
e—1 y n

Maximizing (1 —e™)/(e—1)-((e —2)+1/y) over y yields 1 — 1 /e aty = 1.
We conclude that ALG(F) < 1—1/e + O(1/n) as claimed. O

3.3 A 0.745-Approximation

Interestingly, for the i.i.d. prophet inequality, single-threshold algorithms, dis-
cussed in the last section, are suboptimal. Indeed, a more general algorithm
that sets multiple thresholds can improve upon the factor 1 — 1/e and indeed
provides the best possible approximation.
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Theorem 3.3 Let V = (Vy,...,V,) be independent, identically distributed,
non-negative random variables, distributed according to F. Then there exists a
threshold algorithm such that

ALG(F) > 0.745 - Orr(F) .

To show Theorem 3.3 we consider a continuous distribution F, and a se-
quence of thresholds 7y, ..., 7,. Recall that, by Lemma 2.1, any guarantee that
we show this way translates to general F through appropriate randomization.
Let g; be the probability that we do not stop within the first i steps. We have
qgo = 1 and g; = F(1;) - qi—1. Note that since F is continuous, instead of
defining 7y, ..., T,, we can also define ¢y, .. ., g, arbitrarily as long as it is a
non-increasing sequence.

Let Vs denote the (random) value that a threshold algorithm based on the
chosen thresholds selects. Motivated by Lemma 3.1, our goal will be to find
an appropriate sequence of thresholds 7y, . . ., 7,, or equivalently, probabilities
q1 > q2 = ... > ¢y such that Vg then a-stochastically dominates Opt(V), for
a as large as possible. That is, we will need to show that for all z > 0, we have

Pr(Vi, >z] >a- Pr [maxVi > z] . 3.2)

The event Vg, > z can be decomposed into n disjoint events, namely that
we stop on V; and V; > z fori = 1,...,n. For each of these events, we may
not have stopped on Vi, ..., V;_ and furthermore we need V; > 1; to stop and
V; = z. The probability of this to happen is g;—; (1 — F (max{z, 7;}). Therefore,
we can write

Pr (Ve 2 2] = 3 gi1(1 - F(max{z, 7:}).
i=1

The key challenge is to relate the right-hand side of this equation to Pr [max; V; >
z], ideally in a way that enables optimization over thresholds. To achieve this,
we choose a non-increasing function 4: [0,1] — [0, 1] and set ¢; = h(i/n).
We require that 2(0) = 1 and h(z) > O for all # € [0, 1], that A is differentiable,
and that the implied function r : [0, 1] — R defined via r(¢t) = —h'(t)/h(z) is
non-decreasing.’

We will show that

1

Pr [V >2z] = / h(t) min{r(t), —nln F(z)}dt. (3.3)
t=0

The intuition behind this lower bound is that this is exactly the limit we would

2 One particular choice of h to keep in mind is k(z) = (1 — 1/n)™, which exactly corresponds
to F(7;) =1—1/nforall i as in Section 3.2. The limit as n grows large is h(t) = e7".
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obtain under k — oo when replacing our n random draws from the distribution
F by n - k draws from F'/*—a modification that would leave the distribution
of the maximum intact.

To show Equation (3.3), we establish the following lemma. The lemma
implies the claimed inequality by taking the sum over all i.

Lemma 3.3 For everyi and any x > 0, it holds that

gio1 (1 = F(max{x,7;}) > / 'f_l h(t) min{r(f), —n In F (x) }dt.

n

Proof We distinguish two cases. In the first case, 7; > x. In this case, by the
definition of r,

i

/ 71 h(t) min{r (), —n In F(x)} = / 71 min{—h’(£), =h()n In F(x)}dt

g/" —h'(t)dt
=izl

=dqi-1—(i
=qi-1 — qi-1F (%)
= qi-1(1 — F(max{x, 7;})),
where the inequality holds because min{—%’(¢), —h(t)nln F(x)} < —h’(z).

In the second case, 7; < x. In this case, first note that, by the definition of r,
fort > (i — 1)/n, we have

/:1 r(s)ds = /_t” —%ds =—In(A(?)) +1n (h (%)) .

n

Exponentiating both sides gives:

1[5 [ o

n

<h (i) exp (— /t min{r(s), —nln F(x)}ds) , (3.4
n S_i*l

where the inequality holds because exp(—z) is a decreasing function in z.
As a consequence, with U(r) = /st:(i—l)/n min{r(s),—nlIn F(x)} and thus
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U’(t) = min{r(¢), —n1n F(x)}, we obtain

i

/ ’f_l (1) min{r(¢), —nIn F (x) }dt
= 1) /71 exp (U (1) U’ (1)dr

T n

U(L)

1) [ e
u=0

- h(i_ 1) (1 ~exp (—/’T min{r(o,—nlnF(x)}df))
n =t

n

Z_T) (1 —exp (— /t:':‘l —nlnF(x)dt))

:h(%)(l—F(X))
=gq;_1 (1 — F(max{x, 1;})),

where the first inequality holds by Equation (3.4) and the definition of U(#) and
U’(t), the first equality follows from integration by substitution with u = U(¢)
so that du = U’(t)dt, and the second inequality holds because 1 — exp(—z) is
increasing in z. O

Note that by monotonicity of r, there is a value s € [0, 1] such that
r(t) < —nInF(z) for t < s and r(t) > —nInF(z) for t+ > s. Defining

g(z) = —nIn F(z), this simplifies our bound for the probability of stopping
on a value of at least z to

1
Pr[Vaw > 2] > 1 - h(s) + / h()g(2)dr.

t=s

This way also,
Pr [max Vi > z| = 1 = (F(2))" = 1 - exp(~g(2)).
1

So, in order to show the stochastic dominance relation in Equation (3.2), it
suffices to show that, for all z > 0,

1
1= h(s) + () / h(D)dr > a(1 - exp(—g(2)).

Equivalently, substituting y(s) = l/cx'f;Y h(t)dt,because y’(s) = —1/a-h(s),
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Figure 3.1 Plot of the functions y and A.

it suffices to show that, for all z > 0,

L+ay'(s) + g(2)ay(s) —a (1 —exp(-g(2))) = 0. (3.5)

So, it remains to find a function y such that this inequality is fulfilled for
all z. To get an intuition regarding the optimal choice of such a function,
consider the left-hand side of the inequality as a function of g. That is £(g) =
I+ay’(s)+gay(s)—a (1 —exp(—g)).Itsderivative £’(g) = ay(s)—aexp(—g)
has a unique zero at g* = —In(y(s)). Moreover, its second derivative £”/(g) =
aexp(—g) is always positive. So the smallest value & attains is £(g*) = 1 +
ay’(s) —ay(s)Iny(s) — a + ay(s). We would like this expression to be equal
to zero for all values of s. This gives rise to the differential equation y’(t) =
y(®)Iny(t) —y(t) +1 —1/a for all ¢.

Since we require 2(0) = 1, we must have y’(0) = —1/a - h(0) = —1/a and
therefore, from the definition of the differential equation, y(0) = 1. It can be
shown that, with this initial condition, the differential equation has a unique
solution. This solution does not have a closed form expression, but we can
define the function y (see Figure 3.1) via its inverse

1
. 1
y 1(y)=—/ ——————dy.
y=y ylny —y+1-4

Note that y~'(1) = 0 and therefore y(0) = 1 as needed. Additionally, we
would like to have y(1) = 0 (from the definition of y via the integral of %), or
equivalently, y~'(0) = 1. This requires choosing a ~ 0.745.
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In order to show the claimed approximation guarantee, rather than solving
the differential equation, we can also start from the definition of the inverse
and choice of @ ~ 0.745, and conclude that this satisfies all conditions. The
function y~! defined this way is a strictly decreasing, differentiable function.
So its inverse, the function y, is well-defined and fulfills these properties as
well. We have y(0) = 1 and y(1) = 0 and so y(¢) € [0, 1]. Moreover, by the
inverse function theorem, the derivative of y fulfills

1 1

o0 - y(@) Iny(®) —y@) +1- o

We claim that setting A(f) = —ay’(t) (see Figure 3.1) is a feasible choice
for our prophet-inequality problem. To this end, we first verify that h(0) =
1 and additionally observe that 2(1) = 1 — a@ > 0. Both of these follow
from h(s) = —ay’(s) and the definition of the differential equation, combined
with y(0) = 1 and y(1) = 0, respectively. Additionally, since y satisfies the
differential equation, we have

V(1) =

Y@
y(1)

This implies that & is differentiable, with derivative h’(¢) = —ay’”(t) =
—ay’(t) In y(t). Moreover, since y is decreasing and y(¢) € [0, 1] for all
t € [0,1], we have h'(t) = —ay’(t)Iny(¢) < O for all + € [0,1], so h is
a non-increasing function. Combining this with the fact that 2(0) = 1 and
h(l) =1—a > 0 shows that 0 < h(r) < 1forall0 <t < 1.

Finally, r(t) = —=h'(t)/h(t) = —=y"(t)/y’(t) = —Iny(¢) is an increasing
function because y is decreasing.

Yy (1) =y () Iny(t) + y(1) y'(1) =y (1) Iny(z).

So it only remains to show that Equation (3.5) is fulfilled. This is done in the
following lemma.

Lemma 3.4 The function y and the value « defined above fulfill

1+ay'(s)+gay(s) —a(l —exp(-g)) =0
forallg > 0andall0 <s < 1.

Proof Fix any value of s with 0 < s < 1. Consider the function £: R, — R
defined by £(g) = 1+ ay’(s) + gay(s) — @ (1 —exp(—g)). We would like to
show that £(g) > O for all g € R,.

Note that ¢ is twice differentiable. Its derivative is ¢’ (g) = ay(s)—a exp(-g),
and its second derivative is £”’(g) = aexp(—g) > 0. So, £ is first decreasing
up to g* = —In y(s) and then increasing. For this reason, we only need to show
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£(g*) = 0. By definition,
£(g") =1+ay (s) —ay(s)Iny(s) —a+ay(s).
As y fulfills y’(¢) = y(¢t) Iny(¢£) —y(¢£)+1—1/a forall £, we have £(g*) =0. O

The analysis so far only shows that it is possible to obtain a prophet inequality
with @ ~ 0.745. However, it can also be shown that the above analysis becomes
tight as n — oo, showing that it is impossible to achieve a better than @ =
0.745 approximation via stochastic dominance. In fact, a careful recursive
construction of hard instances shows that this factor is best possible in general.

Take-Aways

o For prophet inequalities with i.i.d. random variables, randomization
is beneficial and required to beat the 1/2 bound.

e The best (randomized) single-threshold algorithm achieves a (1 —
1/e) approximation.

e The best multi-threshold algorithm achieves a guarantee of approxi-
mately 0.745, and this is best possible.

e Both these guarantees are shown through approximate stochastic
dominance.

e For the 0.745 bound, tractability is achieved by lower-bounding with
the limit behavior as n — oo.

Chapter Notes

The observation that randomization is necessary in the i.i.d. case to beat the 1/2
bound is due to Samuel-Cahn (1984). Hill and Kertz (1982) provide a recursive
characterization of the best possible «,, such that, if 7,, is the set of stopping
times of i.i.d. random variables Vi, ..., V,, then

sup{E [X;] : t €T} = a,, - E [max{Vy,...,V,}].

They further showed that for all n > 1, it holds that 0.90 > a, > 0.625;
and conjectured that the sequence of a;, is monotonically increasing, with limit
e/(e+1) = 0.731. Shortly afterwards, Samuel-Cahn (1984) reported that Kertz
(1986) showed that @, — a* ~ 0.745 as n — oo and conjectured that this is
the best possible bound. More recent work by Saint-Mont (2002) provides a
simpler proof of this result.

However, until recently, the best known positive result was that, for alln > 1,
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it holds that @,, > 1 — 1/e =~ 0.632 (Kertz, 1986, Lemma 3.4). The first
to show that this bound of 1 — 1/e can be attained with a single threshold
were Ehsani et al. (2024). The bound of 1 — 1/e was broken only recently
by Abolhassani et al. (2017), who showed that it is possible to achieve a
e/(e+ 1) = 0.731 approximation. In independent and parallel work, Correa
et al. (2021) showed how to match the a* ~ 0.745 bound, providing a tight
resolution of the i.i.d. problem. More recent work has established this result
through alternative techniques. For instance, Liu et al. (2021) use a variable
decomposition technique, while Brustle et al. (2024) present a primal-dual
argument based on linear programming.

The same tight bound of a* =~ 0.745 established in Correa et al. (2021)
was previously established by Allaart (2007) for a model, with Poisson arrivals
over a fixed time horizon (and hence random 7). Our proof for the i.i.d. case is
similar to a proof for the Poisson arrival model presented in Singla (2018). Our
proof bridges between the two models and results, by formally establishing that
the large-n-limit implies a bound for all n (via Lemma 3.3), and exploiting that
for large n the two models converge to each other.
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4

Random and Free Order

In the previous chapter we explored ways to improve the competitive ratio of 1,/2
from Theorem 1.2 by restricting attention to identical distributions. Another
natural direction is to instead reconsider the order in which the rewards are
offered. Of course, arrival order is irrelevant when the reward distributions
are identical. When the distributions are not identical, however, the arrival
order can have a dramatic effect on the decision-maker’s optimal policy and
the expected value it obtains. Reconsider, for instance, Example 1.1. In that
example, a deterministic reward of 1 is offered first, followed by a long-shot
risky reward that is either O or 1/€. This example is set up to make an online
decision-maker’s life difficult, since one must choose to take or forego the
deterministic reward before the risky outcome is revealed. If the rewards were
offered in the opposite order, however, then it is easy to achieve the best-in-
hindsight reward: the decision-maker can simply accept the long shot whenever
the risk pays off, and retains the option to take the safe deterministic reward if
it does not. This motivates a line of work considering variations of the prophet
inequality where rewards need not arrive in a worst-case order.

In this chapter we study the prophet inequality problem under two variations
of how the arrival order is determined. First, we consider a version of the
problem where rewards are assumed to arrive in a uniformly random order. As
this is reminiscent of the famous secretary problem, this variant is often referred
to as the Prophet Secretary problem. Next, we consider a version where the
decision-maker can choose the arrival order, based on the rewards’ distributions.
This second variation is known as the Free-Order Prophet problem. Recall that
in the original fixed-order problem, the optimal competitive ratio of 1/2 is
achievable with a simple threshold policy that accepts the first reward greater
than half the expected maximum reward. Crucially, this choice of threshold
is independent of the arrival order! Moreover, given this choice of threshold,
the resulting 1/2-approximation holds for any arrival order. This means in
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particular that a 1/2-approximation is also achievable, using the same threshold,
for both the Prophet Secretary and Free-Order Prophet problems. The main
question we explore in this chapter is: can we do better?

4.1 Random Order

In the random-order model, there are n random variables V;, where V; ~ F;
independently. The distributions F; are known to the algorithm, and the random
variables arrive in uniform random order. We use o; € [n] to denote the index
of the 7-th random variable to arrive.

Since the arrival order is stochastic, one question is whether (and when) the
randomly-chosen order is revealed to the algorithm. One option is that the order
is revealed up front, before the first reward arrives, and the algorithm can use this
information to plan its selection decisions. A second, less-informative option is
that the order is revealed online, with the index of each reward provided only as
it arrives. Yet a third option is that the order is never explicitly revealed: rather,
the decision-maker observes only the reward realizations but not their indices;
the order can only be inferred from the rewards.

Since an algorithm can always disregard information and simulate being
in a less-informative environment, it must be that for any problem instance
the obtainable approximation factor is (weakly) best when the arrival order is
revealed up front, and (weakly) worst when the arrival order is never revealed.
Moreover, the distinction can matter: the following example shows that these
approximation factors may be strictly different on some problem instances.

Example 4.1 There are three rewards, each drawn from a Bernoulli distri-
bution. Reward V; is equal to 5/4 with probability 1/5; reward V; is equal to
1/2 with probability 1; and reward V3 is 1/e with probability €. Each reward is
otherwise 0.

To see that observing the arrival order in advance is strictly better than
observing the arrival order online, consider the difference between arrival
orders [123] and [132]. In the former case, if reward 1 is not taken, then the
expected continuation payoff is equal to 1 (obtained by always rejecting V, and
accepting V3). But in the latter case, the continuation payoff after rejecting V is
3/2-0/(e), obtained by accepting the first non-zero reward. So if V| is positive,
it is strictly optimal to accept it if the order is [123], but strictly optimal to
reject it if the order is [132]. The algorithm therefore obtains strictly higher
expected reward if it knows in advance whether the order is [123] or [132]
when choosing whether to accept V.
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To see that observing the arrival order online is strictly better than not
observing the arrival order at all, consider the difference between arrival orders
[123] and [321]. Suppose that the algorithm observes that the first realized
reward is O (which it should always reject without loss of generality), and then
the second realized reward is 1/2. Note that if reward indices are revealed
online then the algorithm can correctly infer the arrival order when choosing
whether to accept this second reward. If indices are not revealed, however, then
it is ambiguous to the algorithm whether the arrival order is [123] or [321]. If
the arrival order is [321], then it is strictly optimal to accept the reward of 1/2,
since the expected value of V| is 1/4. On the other hand, if the arrival order is
[123], then it is strictly optimal to reject the reward of 1/2 and instead obtain
the expected value of V3, which is 1. The algorithm is therefore strictly better
off if it knows whether the first reward of O was V| or V3 before it must choose
whether to accept V.

In all of the results in this chapter, all positive results (i.e., algorithms) apply
in the least-informative setting where no information about the arrival order is
revealed, and all negative results apply in the most-informative setting where
the order is revealed to the algorithm up-front. Thus all upper and lower bounds
on the worst-case competitive ratio proven in this chapter apply to all three
options for information revelation.

4.1.1 Single-Threshold Algorithms

We first show that we can achieve a (1 — 1/e)-fraction of Opt(F) with a
single-threshold algorithm, where F' = F; X ... X F,,. Note that this generalizes
Theorem 3.1. For ease of presentation, we will assume that the distributions
F; are continuous. This means, in particular, that we need not worry about the
choice of tie-breaking behavior when V; is equal to our chosen threshold.

Theorem 4.1 (Single threshold) Consider the Prophet Secretary problem and
the single-threshold algorithm AL with threshold T so that Pr[max; V; < 7] =
1/e. Then,

1

ArG(F) > (1 - —) - Op1(F).
e
To show Theorem 4.1, we will establish a stochastic dominance relation,

showing that for 7 such that Pr[max; V; < 7] = 1/e it holds that Pr[V,, >
t] = (1 =1/e) - Pr[max; V; > z]. This is cast in the following lemma, which
establishes a stochastic dominance relation between V-, and max; V; for general
7. See Figure 4.1 for a visualization.
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Figure 4.1 Plotof 1 — @ and — (1 — @) /In(a).

Lemma 4.1 (Stochastic dominance) Consider the single-threshold algorithm
with threshold T so that Pr{max; V; < 7| = a. Then with T the stopping time

of that algorithm, it holds that
Pr [V(, > t] > min l—a/,—l_—a/ -Pr [maxVi > t] .
T - In(a) i

To prove Lemma 4.1, we first show the following lemma, which relates the
probability that V. > ¢ to the stopping time T of the single-threshold algorithm
with threshold 7.

Lemma 4.2 (Connection to stopping time) Consider the single-threshold
algorithm with threshold T and stopping time T. For all t > 0, it holds that

Pr [V(,T > t] >vyi(t)- Pr [maxVi > t] ,
1

where
Pr(T < ] fort < 1, and

t) = n
71() %ZPr[T>k] forT <t.
k=1

To prove Lemma 4.2, we will use the following lemma.

Lemma 4.3 Consider a threshold algorithm that uses the sequence of non-
increasing thresholds T\ > ... > 1,. Then, for the stopping time T of that
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algorithm, it holds that for all i, k € [n],
Pr(T>k|or=i]l=2Pr|[T > k].

Proof We will show that the lemma holds pointwise, for any realization of
the random variables. So fix some realizations of Vi, ..., V,,.

Fix i, k € [n]. By conditioning on the arrival time of V; (or more precisley,
its realized value v;), we have

Pr[T>k]=l Z Pr(T>k|o,=i].
n ten]

Thus, in order to show the claim, it suffices to show that for any fixed ¢, it
holds that Pr[T > k | oy =i] < Pr([T > k | oy =1].

To this end, consider some permutation p of [n] \ {i}. Construct o by
inserting 7 in position ¢, and % by inserting i in position k. Let T¢ and T* be
the stopping times of the algorithm on ¢ and %, respectively.

First consider the case where £ > k. We claim that in this case the event
{T® > k} implies the event {T* > k}. This is because, up to time k — 1, both
events deal with the same realizations of the same variables placed in the same
order, implying that the executions of the algorithm on the two permutations
o and 0¥ are identical up to this point.

Next consider the case where £ < k. We claim that also in this case, the event
{T* > k} implies the event {T* > k}. This is because the same realizations of
the k — 1 variables that are not V; that are placed in the first k positions by o¢
are placed in the first k — 1 positions by o*. As a result these realizations are
compared with thresholds in o* that can only be larger than those in o-. Thus,
if the algorithm does not stop on these realizations in ¢ then it also does not
stop on these realizations in o%.

The proof is completed by taking expectation over permutations p, and noting
that the implied distributions over o’ and o* are the conditional distributions
in question. O

We are now ready to prove Lemma 4.2.

Proof of Lemma 4.2 First consider the case where ¢ < 7. In this case, V., > ¢
whenever the algorithm stops, so

Pr [V,

T

>t]:Pr[T<oo]2Pr[T<oo]-Pr[maX‘/i>t],

as claimed.
Next consider the case where ¢ > 7. In this case,

Pr Vs, > 1]
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= Z Pr [V, >t o1 =i] (partition on o)
i€[n]
= Z Z Pr[V;>t,on=i,T = k| (partition on T')
i€[n] ke[n]
=Z ZPr[Vi>t,a'k=i,T2k] (t>1)
i€[n] ke[n]
1
= Z Z Pr(V,>t,T>k|ok=i] - (conditioning)
i€[n] ke[n] n
= Z Pr([Vi>t|lop=i]l-Pr[T>k|lop=i] - (independence)
icln] ke n
1
= —ZPr[Tzklcrkzi] -ZPr[Vi>t|a'k=i] (reorder)
_}’l ke[n] | i€[n]
1
== Z Pr(T>k|ox=i]]|- Z Pr[V; > ¢] (independence)
n ke[n] | i€[n]
1
> |- Z Pr(T > k]| - Z Pr[V; > 1] (Lemma 4.3)
n ke[n] | i€[n]
1
> [- Z Pr [T > k]| -Pr [maXVi > t] , (union bound)
_” Keln] | !
which completes the proof. O

It remains to show that Lemma 4.2 implies Lemma 4.1. To this end, we next
show a lower bound on Pr[T > k].

Lemma 4.4 (Lower bound stopping time) Consider a threshold algorithm
that uses the sequence of non-increasing thresholds | > ... > 1,. Fori € [n],
define

«a; :=Pr [maxVi < T,-] .
L

Then, for all k € [n],

n

Pr (T > k] > l_[aj

JElk]

Proof To prove the lower bound, we rewrite Pr[7 > k] using the exponential
function, and exploit the convexity of that function.
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More formally, we have

Pr(T>k]=E; [Pr|Vs <71,....Vo, <7]] (def. T)
=E, 1_[ Pr Vo, < 1] (independence)
|J€lk]
=E, |exp Z In (Pr [V (exp(In(x)) = x)
JElk]
>exp|Es Z In (Pr o < Tj] ) (convexity)
Jjelk]
=exp Z Z In (Pr V < T,] (random permutation)
Jjelk] ;e[n
1
=([] [[Prvi<e]
jelklie[n]
1
= 1—1 Pr [V1 ST,V < Tj]) (independence)
Jelk]
1
= 1—[ a; s (def aj)
Jelk]
which establishes the claimed bound. O

We are now ready to prove Lemma 4.1.
Proof of Lemma 4.1 Fort < 7, we have

Pr [V,

T

>t] >Pr[T <] -Pr [m_ax Vi > t] (Lemma 4.4)
L
=(l-a)-Pr [m_axV,—>t]. (def. @)
L

For t > 7, we have

1 n
Pr Ve, > 1] > [;ZPr [T > k]

Pr [max Vi > t] (Lemma 4.2)

-Pr [max Vi > t] (Lemma 4.4)

|
—
S| =
_
= T
R
Nt
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1
1-a)an
= % - Pr I:max‘/l > t]
n-(l—an) !
1-
_—M~Pr [maxVi>t] (n > 00),
In(a) i
which completes the proof. O

We conclude with the proof of Theorem 4.1.

Proof of Theorem 4.1 Consider the single-threshold algorithm ArLc with thresh-
old 7 such that Pr[max; V; < 7] = 1/e. Then, by Lemma 4.1,

ALG(F)Z/ Pr Vg, > 1] dt2/ (1—1)~Pr [maxVi>t] dt
0 0 e !

= (1 - é) -E [mljde,-]
= (1 - é) - OpT(F),

as claimed. |

4.1.2 Two Thresholds

‘We have already seen in Theorem 3.2 that with a single threshold we cannot hope
to go beyond a (1—1/e)-approximation, even in the special case of i.i.d. random
variables. However, similar to the i.i.d. case, it is possible to improve the
approximation guarantee by using more than one threshold. However, existing
analyses are rather intricate, and unlike in the i.i.d. case there remains a gap
between the best known upper and lower bounds.

Below we provide a sample of the spirit of these improved approximation
guarantees, by showing how to beat the (1 — 1/¢)-guarantee of Theorem 4.1,
with an algorithm that uses two thresholds 71 > 7, with 7; the threshold for
the first [n/2] random variables, and 7, the threshold for the remaining |7/2]
random variables. For ease of presentation, in addition to assuming that the F;
are continuous, in the following we assume that » is an even number.

Theorem 4.2 (Two thresholds) Consider the Prophet Secretary problem
and the two-thresholds algorithm ALc that uses thresholds 71 > 1, such that
Pr[max; V; < 11] = 0.3849 > 1/e and Pr[max; V; < 1] = 0.3406 < 1/e.
Then,

1 1
ArLG(F) > (1 - + m) - Opr(F).
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The key insight that drives this improvement is a lemma that refines the
stochastic dominance relation established in Lemma 4.1.

Lemma 4.5 (Stochastic dominance) Let 0 < B < a < 1. Consider the two-
thresholds algorithm that uses thresholds | > 1, such that Pr[max; V; < 11] =
a and Pr[max; V; < 1| = B. Then with T the stopping time of that algorithm,
it holds that

Pr [V, >1] > min{l - a;'g,
-« 1-+/pB
2(1—5)_‘/5 Ing ’
1 —+a 1-+B
Y - Ve Inpg }~Pr[ml_ale~>t].

Similar to our single-threshold proof, we prove Lemma 4.5 by relating the
probability that V. > ¢ to the stopping time T of the algorithm.

Lemma 4.6 (Connection to stopping time) Consider the single-threshold
algorithm with threshold T and stopping time T. For all t > 0, it holds that

Pr [V, >t] 2 y:2(1) - Pr [m_axV,- > t] ,

where
Pr(T < 0] Jort <m
va(t) = —Pr[{fé’/z] + % Zisnp PrIT > k] formy <t <7, and
% Yoy Pr(T > k] forT <t.

Note that the first and the last case in the definition of y;(¢) coincide with
the first and second case in the definition of y; (¢) in Lemma 4.2.

Proof of Lemma 4.6  The first case, where ¢t < 1, and the third case, where
T < t, are analogous to the proof of Lemma 4.2. So, let us focus on the case
where 7, < t < 7. In this case,

Pr [VO.T > t]
=Pr [V(TT >t,T< n/2] +Pr [Va»,- >t,T > n/2] (partition on T')
=Pr [T <n/2]+Pr [Vy, > 1,T > n/2| (t<m7)
Pr[T <n/2
2r[lf_ﬁn/]Pr[maxVi>t]+Pr[VaT>t,T>n/2]. (t>1)

An argument analogous to the case ¢ > 7 in the proof of Lemma 4.2 shows
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that for r > 1,

1 n
Pr Vo, >1,T >n/2| > - Z Pr [T > k].
n
k>n/2
By combining the two bounds we obtain the required bound for the case where
T <t<T1. O

As a final ingredient, before we prove how Lemma 4.6 implies Lemma 4.5,
we show an upper bound on Pr [T > k].

Lemma 4.7 (Upper bound stopping time) Consider a threshold algorithm
that uses the sequence of non-increasing thresholds | > ... > 1,. Fori € [n],
define

a; =Pr [m_axVi < Ti] .
12
Then, for all k € [n],

Pr [T > k] < 1—E+l Z a;.
ST
Proof Fix the distributions of Vi, ...,V,, and the thresholds 7y,...,7,. We
construct a coupling between the stopping times on the instance given by
Vi, ..., V, and the instance given by the variables max; V;, 0, ..., 0 as follows.
First, draw the values of Vi, ..., V,, and a uniform random permutation. Then,
define the stopping time T as usual in the instance Vi, ...,V,. Focus on the
maximum realization of the values. Define a second stopping T time as follows.
If the maximum realization surpassed the threshold assigned to its arrival
time, then assign it this time. Otherwise, it is infinity. Note that the second
stopping time behaves as the usual stopping time in the instance given by
max; V;,0,...,0.
By construction,

In particular, for all k € [n],

Pr[T>k]sPr[7>k]

-k 1
_n + — Z Pr[maxV,-STj]
n n i
Jelk]

ko1
=1-=4+- > ay
T ek

where the first equality holds because T > k if the maximum does not land in
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any of the first k positions, or if it lands in one of the first k positions and does
not exceed its threshold. O

We are now ready to prove Lemma 4.5.

Proof of Lemma 4.5 We prove the lemma by providing bounds on the terms
of y,(t) as in Lemma 4.5. By Lemma 4.7, we have that

Pr[T<m]=1—Pr[T>n]21—g—é,
2 2
and
PrT<n/2]=1-Pr[T>n2]s1-+-2_12¢
=n = n 2 2 2— 2 .
On the other hand, by Lemma 4.4, we have
1 © 1 & knp 19,
- Z Pr [T > k] > Va- Z ﬁT:ﬁ_Zﬂz
n n n
k>n/2 k>n/2 k=1
1
n[l— 1-
VLAl Eh ) RN 2
n 1-Bn n—oo Ing
and
n n/2 n
- Pr[T>k]=—ZPr[T>k]+— Pr [T > k]
n n
k=1 k=1 k>n/2
2 1
1% a[1-
> = aft+\/_ﬂ—( \/IB)
S n\1-pn
1 1
an (1 —-+a n[1-=
)
n\l-an n\1-pn
1- 1-
1-Va_ o1-VB
n—oo In Ing

By substituting the corresponding terms in the definition of y,(z), we obtain
the claimed bound. O

We conclude with the proof of Theorem 4.2.

Proof of Theorem 4.2 The proof follows by the same argument as the one
used to establish Theorem 4.1, except that now we use Lemma 4.5 and choose
a = 0.3849 and 8 = 0.3406. ]
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4.1.3 Upper bound of V3 — 1

We conclude with an impossibility result showing that no algorithm for the
Prophet Secretary problem can achieve a better than V3 — 1 ~ 0.732 approx-
imation. Note that this in particular presents a formal separation from the
i.i.d. case studied in Section 3.3.

Theorem 4.3 For any € > 0 there exist an instance F = Fy X - - - X F,, of the
Prophet Secretary problem, such that for any algorithm ALc it holds that

ALG(F) < (V3-1 +¢&) - Opr(F)

Note that just like in previous hardness results, the following proof uses a
discrete distribution but allows the algorithm to randomize.

Proof Takey € [0, 1] and consider the following instance with n + 1 random

variables Vi, ..., V,4 distributed as follows:
n  w.p. £
Vie...,Vpu ~ n | and V4 =v.
0 wp.l--%

Consider any algorithm ALG, and let T be the implied stopping time. Clearly,
any reasonable algorithm ArLG would always accept a reward of n, and never
accept a reward of 0. Therefore, the algorithm’s only decision is whether to
accept a reward of y or not.

Solving the dynamic programming that defines the optimal online algorithm,
there will be an index j,, € [n + 1] such that the algorithm accepts reward 7y if
and only if it appears in position j; or later.

Next we derive formulas for the expected value achieved by the algorithm,
conditioned on the arrival time of the (n + 1)st random variable. For i =
I,...,j,—1wehave

E[VGT|a',-:n+1]:(1—(1—l)n)-n,

n2

and fori = j,,...,n+1 we have

E[V(TT|0'l-=n+1]2(1—(1—%)i)~n+(1—%)i-y.

Combining the two formulas for E[V,. | o7 = n+1], we obtain the following
upper bound
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1 n+l 1i 1i
+n+1,=,*[(1_(1_;)).n+(1_n_2) v .

Consider A := limsup,,_,, ﬁ € [0,1]. Note that as n grows to infinity

(1-1/n?)i ~ e /" ~ 1 —i/n® so that

Ji-1 14 (i 1
BVl =S *zZ(Z”)“’(z)'

JIn

‘We thus have:
1 2 2

1-2
limsupE [Vo, | = A+ [ (x+7) dx=a+ +y(1—1)31+%,
n—oo x=A1

where the last inequality comes from maximizing over 4 € [0, 1].
On the other hand,

n—oo

OPT(F):(l—(l—iz)n)-n+(l—i2)n~y—>1+7.
n n

Choosing y = V3 - 1, we thus obtain

2
. E[Vy] 1+%
1 — < =V3-1,
TP Orr(F) = T4y V3

as claimed. O

4.2 Free Order

In the free order problem, the designer is free to select the order in which the
random variables are inspected. Recall that, for any permutation o of [n], if
the random variables arrive in order V (1), ..., Vs (n) then the optimal online
policy can be computed by backward induction. Let V- denote the expected
reward of the optimal online policy for arrival order o. Then the free order
problem is to choose o maximizing V.

We note that restricting to a static, non-adaptive ordering o is without loss of
generality. More generally, an adaptive ordering policy selects which variable
to check in each round based on the realizations observed in previous rounds.
However, adaptive ordering does not provide any benefit over non-adaptive
ordering.

Proposition 4.1 For any adaptive ordering policy, say with expected reward
V*, there exists a static ordering o such that Vs > V*.
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Proof We prove this result by induction on n. If n = 1 then there is only a single
ordering so the result is trivial. Suppose n > 1. Our adaptive policy selects some
variable V; to reveal first, possibly at random. Given realization v;, the policy
either accepts v; or obtains the expected continuation value of the policy. As
the latter is the value of an adaptive ordering policy on the remaining variables,
we conclude by induction there is some static ordering o-?) over [n] \ {i} that
yields weakly higher expected continuation value, which we will denote by
W (o®).

As the adaptive policy makes some (possibly randomized) choice of index
i, we conclude that V* is at most max; E[max{v;, W (o ?)}]. But this value is
achievable by the static ordering o that first selects

i € argmax E[max{v;, W(o D)}

then proceeds according to ordering V. So V,, = max; E[max{v;, W(c?)}] >
V* as claimed. O

Another natural question is whether the power to select the order is helpful in
worst-case problem instances. One simple observation is that when the reward
distributions are identically distributed, the arrival order does not influence the
expected reward from the optimal policy. It may be tempting to conclude that
iid problem instances are worst-case instances for a free-order decision-maker,
but this is not necessarily the case for fixed n. Consider the following example:

Example 4.2 In this example there are two variables, V| and V,. The value
of V; is 0 or 2 with equal probability. The value of V; is 1/e with probability €
and otherwise value 1. This problem instance does not feature identical value
distributions, but retains an important order-obliviousness property of i.i.d.
problem instances: the optimal policy obtains expected reward 2 regardless of
the order in which the variables are processed. This means that, as in i.i.d.
problem instances, the power to select the order does not convey a benefit.
Moreover, the expected maximum approaches 5/2 as € grows small, meaning
that the ratio between the expected maximum and the expected value of the
best policy approaches 4/5. This is worse than the worst i.i.d. problem instance
forn = 2.

The example above applies to the case n = 2. For larger n, the worst-case
competitive ratio for i.i.d. instances becomes more stringent. It is an open
question whether there is separation between worst-case competitive ratio, over
all possible n, for the i.i.d. problem and the free order problem.

So what is the best static order? For some classes of problems, selecting the
best order is easy. Let’s start with a simple example: Bernoulli instances, where
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each random variable V; is supported on two values, one of which being 0.
For Bernoulli problem instances, it turns out that the best order is trivial: it is
always best to reveal the random variables in descending order by the positive
value in their support.

Proposition 4.2 Consider a Bernoulli instance of the free order problem
where each variable V; is supported on {0, w;} for some w; > 0. Then it is
optimal the observe the variables in decreasing order of w;.

Proof The offline optimal solution selects whichever variable V; has largest
w; from among all those with positive realization. But this solution can be
implemented online if variables are inspected in decreasing order of w;, by
choosing the first observed positive value. O

Unfortunately, this simple analysis for Bernoulli random variables does not
extend. It turns out that for even slightly more complicated distributions, it can
be computationally difficult to determine the best order.

Theorem 4.4 The free-order problem is NP-hard. This is true even when each
random variable V; has positive support on exactly three values: 0, 1, and a
positive value m; € (0, 1).

We prove this result in two steps. First, we characterize the structure of
optimal orderings for a special case of problem instances. It will turn out that
choosing the best ordering reduces to choosing a subset of the random variables
that will be accepted only if their value is 1. Second, we show that the subset
sum problem, which is well-known to be NP-hard, reduces to this simplified
free-order problem, which implies that the free-order problem is NP-hard as
well.

We begin by describing a restricted set of problem instances. First, as alluded
to in the theorem statement, we assume that each V; is supported on three
values: 0, 1, and some value m; € (0, 1) (which can vary for different random
variables). Second, we assume that each random variable has the same expected
value, conditional on being positive: there is some constant C > 0 such that
E[V;|V; > 0] = C for all i.

We now claim that for any such problem instance, there is an optimal policy
for the free-order problem with the following structure: the variables are parti-
tioned into two sets S C [n] and T = [n] \ S, all variables in S are inspected
before all variables in 7', a variable in § is accepted if and only if its value is 1,
and a variable in T is accepted if and only if its value is positive. Call such a
policy well-ordered.
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Lemma4.8 For any problem satisfying the assumptions above, every optimal
free-order policy is well-ordered.

Proof Pick some optimal policy, say with ordering o-. We can assume without
loss of generality that this policy does not accept any variable with realized
reward 0. Suppose for contradiction that it is not well-ordered. Write S C [n]
for the set of indices j such that V; is accepted (conditional on being observed)
only if its realized value is 1, and T for those indices j such that V; is accepted
if its realized value is either m; or 1. Then S and T form a disjoint partition
of [n]. Since the policy is not well-ordered, the variables in S don’t all appear
before the variables in T according to o. In particular, there exists some i such
that j ;=0 (i) eTand k :=0(i+1) € S.

Consider now a different policy that uses the same acceptance threshold
for each random variable, but changes the ordering from o to ¢’ as follows:
o'(i) = k, o’(i + 1) = j, and on all other indices o and ¢’ agree. In other
words, o’ reverses the order of j and k, observing k first followed by j. We then
observe that this new policy and the original policy obtain the same reward in
the following cases:

e if round i isn’t reached, since then we never observe V; or Vi;

e if V; = Vy, since then the order of observation doesn’t matter; or

e if V; < m; or Vi < 1, since then at most one of the two variables would be
accepted and hence the order of observation has no effect.

We conclude that the reward obtained by the two policies can differ only if
round i is reached, V; = m;, and Vi = 1. In such an instance, the original
policy accepts V; for a reward of m;, whereas the modified policy accepts Vi
for a reward of 1. Thus, pointwise for every realization, the new policy has
weakly higher reward, and strictly higher for some realizations. The new policy
therefore has strictly higher expected reward, contradicting optimality. O

Note that the well-ordered property does not constrain the order in which
variables in S are observed, nor the order of the variables in 7. We next claim that
the ordering of the variables in T does not influence the expected reward. This
claim makes use of the assumption that all variables have the same expected
value conditional on being positive.

Lemma 4.9 Any two well-ordered policies with the same partition S and T
have the same expected reward.

Proof Some notation: say that variable i has value O with probability p;, value
m; with probability g;, and value 1 with probability r;. Fix some well-ordered
policy, with corresponding partition S and 7. This policy selects a variable
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from S, receiving reward 1, as long as not all elements of S have V; < 1. In
other words, the contribution to the expected reward from the variables in S is
precisely (1 —[];e5(1 —r;)), the probability that at least one of those variables
has value 1. With probability [];cs(1 — r;), the policy rejects all variables in S
and proceeds to the variables in T'.

We next claim that the policy that considers only the elements of T, and
accepts the first with non-zero value, generates expected reward W(1-[];cr pi)-
Indeed, (1 — [];er pi) is the probability that not all variables in 7 are 0. But,
conditioning on this event, for any realization of the first variable with non-
zero value, the expected reward from that variable is precisely W (the assumed
expected value of each variable conditioned on being non-zero).

We conclude that the expected reward of the policy is precisely

(l_l_l(l_,-i))+W(]_[(1—ri))(1_]_[Pi),

ieS ieS ieT
which is independent of the ordering of variables within S and within 7. m}

We have now argued that finding an optimal policy reduces to the problem of
choosing an appropriate the partition of [n] into S and 7. We can now establish
NP-hardness by showing that if we can build the optimal partition, then we can
solve the well-known subset sum problem.

Definition 4.1 (Subset Sum) The subset sum problem takes as input a collec-
tion of n positive numbers ay, . . ., a, and a target value B > (. The problem is
to determine whether there is a subset S C [n] such that };.g a; = B, or that
no such subset exists.

The subset sum problem is known to be NP-hard. It will actually be more
convenient for us to use the closely related subset product problem, where each
a; is an integer greater than 1 and at most B, and we are to determine whether
there is a subset S C [n] such that [];cg a; = B. This problem is NP-hard as
well, as it reduces to the subset sum problem by taking logarithms.

Proof of Theorem 4.4  Given an instance of the subset product problem, spec-
ified by values ay,...,a, and B, we construct an instance of the free-order
problem as follows. Variable V; has value 0 with probability 1/ a%, value
m; = (B*—a;)/(B>+1) with probability (a; — 1)/(a?), and value 1 with prob-
ability (a; — 1)/a;. Note that these probabilities add to 1, and that m; € (0, 1)
(where the latter uses the fact that each a; is greater than 1 and at most B).
Furthermore, we note that for each V; we have
2

E[Vi[V; >0] = ——
Vil 1= 5
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which is independent of i.

We conclude that this problem instance satisfies our conditions, and hence
the value of any well-ordered policy with partition S and T is independent of
the ordering of variables within S and 7.

Indeed, from our calculation above, the value of a well-ordered policy with
partition S and T is precisely

- (-5 T

which is equal to

) (-1

ieS

Letting z = [];¢q,) @i and z7 = [];er ai, we can rewrite the policy value as

Zr 2T 1 B2
r)=1-—+—=|1- —| ——.
flar) 0z ( ) B2 +1
Taking derivatives, we have
, 1 B? 11
=+ |—||-+—=
fiar) z (BZ+ 1) z zsz)

and

—2R2
—_ <
2z(B2+1)

f(zr) =

and hence f is strictly concave and thus achieves its unique maximum where
f’(zr) = 0, which occurs when z7 = B.

We conclude that if our instance of subset product is a ““yes” instance, then the
corresponding free-order problem achieves its maximum via a partition S and T
in which z7 = B. On the other hand, if the subset product is a “no” instance then
there exists no 7 for which z7 = B, and hence the optimal partition will have
zr # B. Anoracle for the free-order problem therefore solves the subset product
problem, so the NP-hardness of subset product therefore implies NP-hardness
of the free-order problem. m}
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Take-Aways

e The classic prophet inequality takes arrival order as arbitrary and
fixed. We can also consider cases where rewards arrive in uniformly
random order—the Prophet Secretary problem— or where the gam-
bler can choose the order—the Free Order Prophet problem.

e For the Prophet Secretary problem, a single-threshold policy can
obtain a 1 — 1/e approximation, matching the tight bound for single-
threshold policies even in the i.i.d. setting. But more complex policies
can do better than 1 — 1/e.

o For the Free-Order Prophet problem, choosing the best order is NP-
hard but there is an FPTAS.

e For both Prophet Secretary and the Free-Order Prophet problem, the
worst-case competitive ratio is not known. For Prophet Secretary the
competitive ratio is strictly worse than the bound for i.i.d. valuations;
it is an open question whether the same is true for the Free-Order
Prophet problem.

Chapter Notes

In this chapter, we explored variants of the prophet inequality problem, in
which we weaken the adversary by either assuming that the input comes in
random oder or by allowing the algorithm to choose the order in which it
inspects the random variables. In both cases, this results in an improved worst-
case approximation guarantee. A related paper, which shows that being able
to choose the arrival order is beneficial, is Arsenis et al. (2021). They show
that for any fixed order of the random variables, the better of “forward” and
“backward” yields an approximation ratio equal to the reciprocal of the golden
ratio, namely ¢~ = 2/(1 +V5) ~ 0.618.

The Prophet Secretary problem was introduced in (Esfandiari et al., 2017),
who showed that it is possible to attain a (1 — 1/e)-approximation with one
threshold per random variable. The result that this approximation guarantee can
also be attained with a single threshold algorithm is due to Ehsani et al. (2024)
(who also showed that this is best possible, even in the i.i.d. case). The subse-
quent work of Correa et al. (2021) showed how to obtain a 0.669-approximation
through an approach called blind strategies, which sets thresholds correspond-
ing to the same sequence of quantiles, irrespective of the distributions. In
addition to the impossibility of V3 — 1 ~ 0.732 that applies to any algorithm,
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they also showed an improved impossibility of 0.675 for blind strategies. The
proofs that we presented for a single threshold and two thresholds are also
blind strategies. We are grateful to Raimundo Saona for suggesting the unified
argument that allows to derive the two bounds.

Improved bounds of 0.6724 and 0.688 were recently given by Harb (2025)
and Chen et al. (2025). Importantly, the latter breaks the impossibility that
applies to blind strategies, which shows that blind strategies are provably sub-
optimal. However, there still remains a gap between the best known algorithm,
and the best know impossibility. The best known impossibilities currently stand
at 0.7254 due to Bubna and Chiplunkar (2023) and 0.7235 due to Giambar-
tolomei et al. (2024). It remains an open problem to close the remaining gap, and
thus identify which algorithmic approach yields a worst-case optimal bound.

A classic paper that studies the Free-Order Prophet problem is Hill (1983),
who among other things shows that there is no gain from adaptively choosing
the order. The NP-hardness result discussed in this chapter is by Agrawal et al.
(2020). The results of Chakraborty et al. (2010) together with the reduction of
Correa et al. (2019) imply a Polynomial-Time Approximation Scheme (PTAS).
Subsequent work by Liu et al. (2021) implies the existence of a PTAS with
improved running time.

An algorithm for the Free-Order Prophet problem with a competitive ratio
of 0.7251 was given by Peng and Tang (2022). Bubna and Chiplunkar (2023)
further improve this to 0.7258, formally separating the Free-Order Prophet
inequality problem from Prophet Secretary problem. Whether there is a similar
separation between the free-order problem and the i.i.d. case remains an open
problem.
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